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PREFACE. 



In the year 18S7, some recent extensions of the 
qualificatiGiis for admission into the Royal Mili- 
tary Academy, the completion of the eleventh 
edition of the Course of Mathematics, and some 
other circumstances which need not here be de- 
tailed, rendered necessary for drculittion among 
the Jmiior Masters of the Royal Military Academy, 
an official Paper of Directions, to produce, as far 
as practicable, uniformity of system in the lower 
departments of the Institution. lUa was aocoid- 
ingly prepared. 

It occurred to me, some time after my retire- 
ment from my official engagements, that these 
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directions, with additions and enlai^ements, might 
be of utility to self-taught students, carrying on 
mathematical or other scientific pursuits, as weU 
as to those valuable members of the community 
whose talents and industry are employed in the 
earlier branches of elementary instruction. 

In sketching the first openings of mathematical 
science, and the Value of mathematical reasonings, 
I have here aimed to show their utility, not only, 
as others have done, on account of the positive 
knowledge which may be gathered on the various 
topics that this department of science exhibits, but 
also because, of the collateral effects which grow 
out of the study, as a mental discipline.. I have 
endeavoured to show that mathematical prindples 
naust be deposited in the mmd, as for as possible, 
by a classified and l(^cal grouping, with a pro- 
spective reference, which. the laws of memory and 
association foster and strengthen, and with an 
attention stimulated and kept alive by a sense of 
their value, as they occur as parts pf a whole. I 
have also aimed to show that arithmetic, algebra, 
and geometry, while in some respects they differ,. 
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in others coalesce ; that while in seVeral particulars 
they may be pursued simultaneously, they often 
must proceed independently, each callibg forth its 
own resources. 

In referring to R. Simson's Euclid, (as the edi- 
tion most usually adopted,) I have pointed out 
more of his errors and defects than may perhaps be 
anticipated by some persons ; because, though his 
is a very admirable edition, it is by no means 
faultless ; and he often labours under the strange 
hypothesis that Euclid himself is more correct and 
scientific than any of his anhotators, many of whom 
Ivere very extraordinary geometricians. I have, 
therefore, with a view to the ultimate accuracy 
of others, pointed out several of his Inistakes ; a 
Course which I persuade myself will be approved 
by the reader, whether learner or preceptor, who 
leans less to authority than to evidence. 

The Tables in the small collection given after 
the summary of Hints, will each, I trust, mark its 
practical character, and evince its value, especially 
to young mathematicians; either in shortening 
computations, in supplying praxes, in facilitating 
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investigations, in announcing useful results, or in 
developing the progress of methods, and the me- 
chanism of certain transformations ; and severally 
help to show that the best motive to study springs 
from a clear perception of the value of the thing to 
be learned. 

With the same views, also, I have introduced 
the Appendix prepared and published about thirty 
years since, on the Geometrical Division of Sur* 
faces, to which I have now added some useful pro- 
positions from the geometry of Hirsch, and a few 
valuable results from Euler. 

It has ever been with me a principle, that even 
rudimental teaching must be thorough, and must 
be founded upon the essential character of the 
mind, as accretive ; and that when once it is rightly 
proceeded upon, the teaching of any science will 
not remain quiescent, but will advance to comple- 
tion and success. This result I have had mainly 

in view on the present occasion. 

»• 

OLINTHUS GREGORY. 

ff^ooiwich Common, June 9, 1840. 
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HINTS. 



Summary of hints and directions ^ for conducting the 
mathematical instruction^ after the first admis* 
sions of Gentlemen Cadets into the Royal Mili- 
tary Academy. 

The recent extension of the qualifications for 
admission into this Institution, the completion of 
a new edition of the course of mathematics, and 
some other circumstances of moment, which need 
not here be detailed, being regarded as rendering 
necessary the preparation of a paper of hints and 
directions, with preliminary and occasional eluci- 
datory remarks,' for the use of the masters in the 
lower sections of the Royal Military Academy, 
(especially with the view of enforcing an approxi- 
mation to uniformity of system,) it is here pre- 
sented, in obedience to the Master-General's 
directions. 

B 



2 MATHEMATICS IS THE SCIENCE OF 

1. Let it be always borne in mind^ that educa* 
Hon consists in so cultivating the intellect^ as to 
render it a more powerful and more exact instru- 
ment than it could otherwise be^ for the acquisi« 
tion, the propagation^ and the discovery of truth ; 
and at the same time, a more certain guide for the 
regulation of conduct, and the successful pursuit of 
professional objects. In other words, education 
involves the adequate preparation of youth for the 
business of mature life. 

2. The faculty of reasoning, so far as it can be 
disciplined (and that is very far,) by a judicious 
mixture of theoretical and practical teaching, re- 
ceives such a discipline from mathematical study. 

3. Others, besides mathematicians, have regarded 
geometry especially as an excellent logic; and the 
reason may be at once assigned :— for, when the 
definitions employed in the inquiry are clear; 
when the postulates cannot be refused, nor th^ 
axioms denied, or hesitated upon ; when, from the 
distinct contemplation and comparison of figures, 
their properties are derived by means of a per- 
petual, well-conducted train of indubitable conse- 
quences, the objects being all along kept in view, 
and the attention ever fixed upon them, thete is 
naturally acquired a habit of reasoning, close, 
exact, and methodical ; a habit which strengthens 
and sharpens the mind ; and, being transferred to 



QUANTITY AS MEASURABLE. 3 

other subjects, is of general use in the inquiry after 
truth. 

4. The same adyantagesj in a greater or less 
degree, flow from every branch of mathematical 
study : and thus it is, that all successful mathe- 
matical instruction converts the science into an 
instrument in the hands of a student, with which 
he investigates and deduces truths for himself. 
Science, in forming him, makes him not a passive 
recipient of knowledge, but an active discoverer of 
it; and a successful appUer of what is discovered 
to farther discovery, as weU as to daily practice. 

5. That the student may commence, and con- 
tinue with a fair prospect of success, let him at 
once be taught, that the vagrancies of the fancy, or 
even of the intellect, must be brought to one, as 
an incipient point from whence he may proceed 
with energy, according to the original bent of his 
thoughts, and so discipline himself as to compel 
his mind to devote itself solely and exclusively to 
the selected topic of study, until at his own bid- 
ding, he yields to the periodical and fixed season 
of remission. 

Then, to start with clear views, let him be taught 
that the object of contemplation to the mathema- 
tician, is not whatever is susceptible of greater and 
less, but what is measurable (either in fact, or in 
conformity with a correct definable notion) ; and 
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4 THE TWO FUNCTIONS OF MEMORT, 

that mathematics therefore^ is not the science of 
magnitude in its most abstracted and general ac- 
ceptation, but of magnitude that can be measured, 
that is^ referred to a unit. It mayindeed be regarded, 
and so should be explained, in taking the pupil 
over the general principles, (p. 1, 2, &c. voL i.) aa 
the science of mensuration, and which defines, re- 
gulates, and employs measures and units of mea- 
sure*. 

This should be illustrated; First. By showing, 
how numbers, money, weights, space, or extension, 
lineal, superficial, &c., time, motion, velocity, angular, 
variation of direction, force, &c., become obviously 
susceptible of mathematical investigation. 

Secondly. By showing that many things which, 
are capable of the distinctions of greater and less, are 
not yet (and some perhaps may never be) brought 
within the range of mathematical determination; 
as pain, fever, intensity of colour of the same kind, 
of sound, &c. 

Thirdly. By pointing the student's attention to 

^ It is not unworthy of attention, that the idea of motion is 
involved in the very conception of actual measurements of any' 
kind : and hence that motion itself, so far from being eztraneoos 
to the metaphysical researches of pure mathematics, is more, 
probably an essential element in them, however much it may be 
kept out of sight This, however, is a consideration for precep- 
tors in their more recondite inquiries, and not one with which a 
student of the first elements need perplex himself 
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the interesting cor-relation between the extension of 
mathematical knowledge and improvements in the 
correctness of admeasureinehtSy as beautifully ex- 
emplified in the Trigonometrical ^Survey of Eng- 
land and Ireland; the scientific contrivances for 
measuring a base of verification^ improving the 
national weights and measures, &c. 

6. In scientific teaching, the preceptor should 
well consider the character and functions of the 
intellectual &culty, memory. It has two condi- 
tions which must be carefully distinguished. Of 
these, the first is remembrance^ viz., the power of 
retaining the impressions made: the isecond is 
recollection, viz., the power of recalling them. 
These, though altogether distinct, are often con- 
founded. Many of the events of childhood, for 
example, may not occur to the recollection for 
half a century, and may hence be regarded as for- 
gotten, and entirely lost to the mind ; yet, frequent 
experience contradicts this notion : for it is no un- 
usual thing, for the occurrence of a trivial event, 
at the very decline of life, to bring to mind, by the 
irrevocable law of association^ some equally trivial 
occurrence of early youth; accompanied, at the 
same time, by the conviction that it never, from 
the very moment of its taking place, was before 
brought to recollection. Judicious mental disci- 
pline would, doubtless, diminish the frequency 
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6 ATTENTION AND ASSOCIATION. 

of such intellectual phenomena, but they often 
occur. 

7. NoW| the grand characteristic of memory, 
rightly cultiTated, is its universality in virtue of 
which nothing once remembered can ever he for" 
gotten^ though it may lapse by a temporary slip, 
of greater or less duration; or though, in other 
words, it may not be recoUeeted at pleasure, ex- 
cept the mind be under thorough discipline : and 
the concatenations of mathematical science furnish 
the best discipline, by bringing into full operation 
the principle of association^ as well as the faculty 
o{ attention^ and the habit of logical arrangement; 
all especially useful to military men, and all, if I 
do not mistake, more fuUy exemplified by well- 
educated military men, than by individuals in any 
other class of society*. 

8. That memory may accomplish all its valuable 
purposes, especially in the second condition, or that 
of recollection, it must rest upon thorough comprc" 
hension of the several subjects, without which it 
would be quite possible for a youth to commit the 

1 Dr. Hutton, in his best day9 as a preceptor, used to enforce 
his notion of the value of depositing scientific truths in the mind, 
conformably with the law of asaodataon, by a familiar illustration. 
" Sir, you must arrange the whole by scientific rules, and then so 
lodge it in the memory, that you can draw it out as you want it, 
just as a lady can draw out the thread or silk from her house- 
wife, either by a tingle thread, or by a skein, as she pleases." 
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whole of Euclid accurately to memory, and yet not 
obtain a single correct geometrical conception, 
even though he might recal the entire series in its 
order and connection. The faculty should, also, 
be exercised, not so much in the remembrance 
of detached propositions, as in the power of recall- 
ing propositions arranged in groups or classes, so as 
to recur with facility in obedience to the law of 
association, — a principle of superlative advantage 
to the teacher who ha^ well studied its nature and 
use. Such a teacher will always ascertain, even 
from the countenance of his pupil, when engaged 
in a demonstration, whether he is working from 
memory or from intelligence ; and he must never 
let him proceed in the first case till by the interpo- 
sition of his own instructions and illustrations he 
has secured that clear comprehension of the sub- 
ject in hand, which will alone justify a farther 
advance. Such a teacher will, moreover, in the 
progress of his instructions, avail himself of one or 
other of the beautiM analogies and associations 
and generalizations which mathematics, more than 
any other science, (except, perhaps, chemistry) in- 
cessantiy presents. He will also instruct his pupil 
how to avail himself of the advantages which the 
localities and intersections of a diagram, the pre- 
vailing symmetries in an equation, the laws regu- 
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8 PROSPECTIVE REFERENCE. 

latiogthe co-efficients^ the exponents, &c,, present; 
as well as point out the indications and tests by 
which i^uch relations are detected and brought to 
use. 

9. Intimately blended with this principle of as- 
jsociation, or, indeed, immediately flowing from it, 
are the advantages of teaching every thing with a 
prospective reference; uniformly in the teacher's 
mind — often^ as the occasion may serve, or as the 
character of the pupil may require, adequately 
unfolded to him. Thus, in explaining and enforc* 
ing the principles and practice of notation, fractionsi 
composite factors, surds^ &c., let the prospective 
reference to equations be sufficiently marked. So 
in exponential equations, to logarithmic and other 
series ; so in geometry, to trigonometry, mensura- 
tion, mechanics, &c. ; as, for example, Euc. vi. 33^ 
with its obvious prospective reference to the mea* 
sure of an angle in trigonometrical researches. 
And so, again, various inquiries in geometry, series, 
inequations, or inequalities, &c., manifestly suggest 
the consideration of a Umit^ and thus prepare the 
way for its thorough comprehension in the theory 
of the Differential Calculus. And, be it carefully 
observed, that many of these anticipatory sugges- 
tions may not only be made consistently with a 
strict adherence to scientific method, but so as t6 
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stimulate curiosity and a spirit of inq;uiTj ; and thus 
at once to produce the love of scientific truth, and 
the best means of acquiring it. 

10. Concurring in utility with the above, is the 
habit of ascertaining! by occasional rememng^ the 
extent and the firmness of the path already passed' 
over. By adopting this plan, and following it 
judiciously, time is not lost^ but saved^ because of 
its tendency, m conjunction with the process of 
prospective reference, to awaken and keep alive 
that mental activity which efiectually surmounts 
obstacles and ensures continuous progress. A class, 
or an individual, will, at any period of the course 
of study, be enabled, with the slightest effort, to 
recal whatever is duly and rightly acquired. Geo- 
metry, especially Euclid*s Elements, presents pecu- 
liar incitements to the formation of this habit ; and 
so, in its measure, does Algebra, in its clearly 
marked subdivisions. Indeed, the advantages of 
these revising processes are by no means confined 
to any one book, or any one scientific subject. 
By presenting the whole field of thought and in- 
quiry at one view before the mind, it will strengthen 
the power of pursuing an extended range of argu- 
ment or research ; of examining and deciding upon 
a connected chain of reasoning; and will, in no 
mean d^ree, accustom and prepare the student to 
carry forward in his own mind a train of original 
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10 EVn^S OF INJUDICIOUS REVISION. 

I 

investigation : and this^ let it never be forgottenj 
is the legitimate ultimatum of all scientific train- 
ing.* 

^ Especial care and judgment are requisite in these reviewings 
and revisions, not to make them detrimental instead of beneficial. 
To ensure this, they must not be too frequent nor too long ; and 
they must be directed far more to ascertaining that principles, and 
the principles of methods be rightly fixed, or to give them birth if 
they have not been correctly fixed there before, than to fatigue and 
disgust pupils by a tiresome repetition of rules. I'each youth to 
distinguish early and thoroaghly between the memory of things 
and the memory of words ; and in looking for formulse, for exam- 
ple, to fix those most firmly in the mind that will each furnish a 
fund by useful and simple transformations. 

M. LacroiXf in his valuable ** Essais sur VEnseignement,** makes 
some excellent observations immediately to this point, which I will 
quote. '* Ce qu'il faut Men poss^der, c'est la marche des m^thodes, 
la valeur des termes techniques, Tilitelligence des idiotistnes de la 
langue, ou la faculty de saisir le sens des phrases et des formes 
d'expressions particulidres aux principaux 6crivains qui ont traits 
de la science, afin de pouvoir ft la simple lecture comprendre 
leurs ouvrages, au moins ceux qu'on a £tudi6s, on dont on pourra 
avoir besoin dans la suite ; enfin, connaitre la nature etl'enchaine- 
ment des objets qu'ils contiennent, afin de pouvoir les consulter 
avec fruit lorsqu'il sera n^cessaire. 

" La m^moire la plus ezerc6e n'atteint pas toujours ce bat ; la 
petitesse du cercle dans lequel sont n^cessairement renfbnn^s des 
objets appris par coeur, ne permet pas de mettre dans ces objets 
assez de vari6t6, pour quMl puissent ofirir des examples des princi- 
pales difficult^s qu'on rencontre dans la lecture des livres. 

" Puisque ce n'est pas un effort de m^moire que constitue le vrai 
savoir en miath^matiqaes, et qu'il restreint plutdt les faciilt^s qu'il 
ne les augmente ; c'est done ft tort qu'on empbie un examen onUei 
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11. The practical application of the preceding 
remarks will be greatly fitcilitated by the recent 

f^ eceur, pour s'assurer de la capacity des jeunes gens qui 8e 
liyrent k I'^tude de ces sciences. Aussi il est arriv6 souvent que 
les hommes les plus instniits sont convenus de bonne foi qu'ils ne 
•e croyaient pas assures d'etre re^ua & un ezamen de ce genre, 
quoiqu'il portit aur des objets fort au dessous de leur con- 
oaissances. On a entendu, dans une des lemons qu'il a don- 
n^es k TEcole Polytechnique, Lagrange lui>mlme le dire avec 
cette modestie qui le caractirise si ^minemment En effeti con- 
fens de poas^der Tesprit des m^tibodes, et de savoir revenir sur 
lea details lorsqu'ils leur deviennent uteessaires, les g^omdtrea 
n'entreprennent pas de les confier k leur mimoire ; ils se gardent 
bien de se condamner k un travail fiutidieux, qui ^mousserait en eux 
I'esprit d'invention et de rechercbe. Les professeurs euz-mlmes, 
qui parcourent successivement ces details, ne cherchent k se 
rappelar que ceux dont ils ont besoin dans un iiitervalle de terns 
trds-limit^ Comment done peut-on demander avec justice aux dis- 
ciples ce qu'oa n'exigerait pas du mattre ? Ignore-t-on le terns 
qu'on leur fidt perdre k repasser, osons-le dire, k rabftcber sans 
oease la mattire d'un ezamen, pour se tenir en baleine et se pre- 
parer k r^pondre en m6me tems sur tout ce qu'ils ont appris f 
Croit-on que le d^At qui suit n^cessairement un travail aussi 
Bionotone» n'andte pas le plus souvent les progprds des jeunes 
gens au terme oii finit lemr ezamen, ne les porte pas quelquefois 
k se d^barrasser promptment la t^te de connaissances qu'ils n'ont 
pdniblement acquiscs que pour en fedre parade un seul jour, 
parce qu'ils n'ont pas senti ce cbarme que la vari6t6 jette sur des 
6liides qui prtentent des objets nouveaux qu'on n'^puise pas? 
Aussi beauooup d'entr'euXi guides quelquefois en ce point par 
lenrs maitres, 6tudient le godt, les habitudes des ezaminateurs, 
cherchent excluiivement ce qui peut abr6ger et adoucir T^preuve 
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12 ALGEBRA AND G&>METRY, 

extension of the pre*requisites for admission into 
the Royal Military Academy. It is now no longer 
necessary to commence with the rudiments of prac- 
tical arithmetic, and then to proceed to algebra and 
geometry. A cadet, or other student, who enters- 
an institution prepared adequately, or even mode* 
rately, up to the commencement of quadratic equa- 
tions, and through from one to four books of 
Euclid's Elements, may, manifestly, be otherwise 
dealt with. After the master who first receives 
him has ascertained the precise extent and stability 
of his acquirements, including, of course, the cam- 

qu'lls doivent subir, et rejettent comme inutile pour eux tout ce 
qui ne s'y rapporte pas." 

After the above, what follows, which ocours two or three page« 
onwards, will be read without surprise. 

" Aprds avoir par ce moyen brill6 le jour de leur ezamen, le 
plus grand nombre des aspirans, devenus gfardes de la marine, per- 
daient au bout de quelques campagnes de mer la th£orie qa'on 
leur avait inculqu^e, pour ainsi dire, sans leur participation, et 
n*6taient point capables de Papprendre par eux-mSmes dans les 
livres. C'est ainsi que j'ai vu un garde de la marine, refu Upre** 
mier des trois porttf ne pat se rappeler la thiorie ariihmi$ique des 
fraethns, troie one oiprH $tre eorti de Ficole" 

The aspirants of artillery at the school at Metz were prepared 
by a like process, and with a like failure of success, until the fw-- 
mation of the Polytechnic School, and the united skill and genius 
of Monge, Hachette, Camot, Lacroix, Legendre, Prony, Pbisson, 
&c., gave new life to science, and showed the mistaken folly that had 
too long preserved this oirder of things in seminaries of education. 
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prehension as well as the recoUectionf of the defini- 
tions^ in those departments of mathematics which 
he has already gone over, he will so teach him the 
principles f together with the practices of arithmetic 
and algebra, as to cause them mutually to confirm 
and illustrate each other ; whilci by making a diie 
appropriation of the times respectively devoted to 
geometry and to algebra, &c., the two main de- 
partments may be made so to move on pari passu, 
that each, while it furnishes its peculiar stores to 
its own specific purposes, may contribute its foil 
share of illustration, or of proof, to the other ; and 
thus the foundations for the superstructure of 
science may be spaciously as well as safely laid. 

13. The details of such an arrangement as is 
above adverted to, must grow with the lapse of 
time, and from the working of the whole system of 
the Institution, (in which much, in addition to ma- 
thematical instruction, rightly constitute essential 
portions,) and cannot, therefore^ be prescribed 
here. All that it is proposed &rther to attempt' 
in this paper is, by assuming the first volume of 
the eleventh or any later edition of Huttbii's 

1 See farther, art 25. A few of the obsenrations here occurring 
for a page or two, though originally applicable to the Royal Mili- 
tary Academy, in I837> may, obviously, with slight modifications 
to suit existing cases, be rendered useful in various other semi- 
naries, public and private. 
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Course of Mathematics, and R. Simson's Euclidi aa 
the text-books employed in instructioni to men* 
suration inclusive', to direct the attention of the 
mathematical masters to tpeoimens of the several 
points to be ascertained, enforced, or explained, in 
giving instructions upon those works respectively. 
It must be left to their knowledge, judgment, and 
experience, to carry out the whole plan, agreeably 
to the views and principles elucidated herein, or 
with such modifications only, as may manifestly 
subserve the same general purposes, and as mani- 
festly lead to the aame ulterior results. 

13. Let each cadet (or other student) be early 
taught the essential distinction between an inert 
and passive reception of the truths of science, (as 
though the mind were a mere vessel,) and the 
active search after it, with a view to the full 
possession of all its advantages, in extending and 
sharpening the intellectual powers, as well as in 
directing and improving the practical applications. 
To this end, let him be taught that the text-books 

1 It is proposed to connect Jnalytkal Trigonomeiry only very 
slightly with the Trigonometry of the first volumei that it may be 
treated more extensively, both aa to its researches and its uses, in 
a subsequent part of the coQrs& The same procedure may often 
be advantageously adopted in seminaries, where clear, sound 
instruction for practical purposes^ is more the object than to 
produce eminent mathematicians. 
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employed^ whether in the earlier or the more ad- 
vanced parts of the course, though regarded on the 
whole as best adapted to the purposes for which 
they are respectively employed, and in the main 
correct, are never to be consulted as infallible. 
The conviction which they carry is to be sought 
in the evidence which they produce* The student 
is to be taught how to seek out, to weigh and 
totimate that evidence, to ascertain what portions 
of it may be unhesitatingly received, and made 
his own ; what portions rejected, or what may be 
taken with a kind of suspended acquiesence, until 
farther light renders it clear, whether they may be 
safely adopted, or must be set aside altogether. 
He will thus become capable of distinguishing 
between theorizing without intellect, and by means 
of it, and, in consequence, between performing an 
operation mechanically as a mere machine, or 
working by a rule which springs &om intelligence. 
These distinctions, rightly made, are the infalU* 
ble key to ultimate siLCcess ; with a view to which, 
the instructor should, as he proceeds, connect with 
the instructions supplied by the text-book, all 
such observations, corrective or elucidatory, and 
enforce all such deductions, improvements in 
method, and extensions of principle, as will either 
illustrate and confirm the subject in hand, or receive 
advantageous applications in subsequent portions 
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of the course. Let him, however, all along, while 
he impresses Upon the student the extreme im- 
portance of continuous and close attention, as the 
main pre-requisite of success; on his own part 
never lose sight of the essential distinction between 
what may simply try the patience^ and what will 
effectually try the head, and exercise and develope 
the faculties of his pupil ; and thus abstain per- 
petually, with the utmost circumspection, from all 
which would merely perplex, without jdelding 
commensurate practical advantage. 

The remarks which follow, are throughout 
meant to be more or less subservient to the pxt- 
poses here hinted at. To prevent mistakes, I 
repeat, that they are presented as specimens, and 
not as embracing the whole of the particulars, 
which cannot be neglected without serious detri« 
tnent to the student. 

14. He should never be permitted to slip over 
a note, a corollary, or a schoKum, in any part of 
Huttcn or oi Euclid: and the same is manifestly 
applicable to the beneficial use of any other text- 
book. The master will, of course, not detain him 
upon a note or observation of little or no value. 
He vnll teach him to discriminate; to despatch 
some, after listening to a few oral observations, to 
attend more thoroughly to others; and, where 
they contain or require a demonstration, either to 
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enforce or suppljr it« or explain why it had better 
be referred to some more appropriate place. 

15. The student should be accustomed firom the 
very first, to employ the symbols +, — , x, -7-, 

• * lit *•$ ^f V> &c., without reserve. They 
often suggest simplifications in the operations, 
which are of great practical value, especially in 
reductions : they also serve to render easily intelli- 
»ble some of the demonstrations to rules in Arith. 
metic ; and they facilitate the habit of generaliza- 
tion, and of making a ready transition from one to 
another, of the kindred processes in Arithmetic 
'and Algebra. 

In Arithmetic and Algebra, for example, the 
processes for combining and transforming fractions 
are the most troublesome, but are susceptible of 
the most valuable modifications, by attending to 
the use of symbols ; often, indeed, by the i^ful 
interposition of the dot (.) in multiplication* 

16. While the attention of the student is called 
to the signification and value of symbols, let no 
'opportunity be omitted of explaining the nature 
•and character of the things connected,, or denoted^ 
by those symbols; and let both the distinction, 
and the connexion between nttmber and magnitude, 
one of the most difficult points in the investigations 
of mathematics, be elucidated and enforced on 
every available opportunity. 
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17. Geometry can, in truth, proceed but a little 
way without Arithmetic, and the connexion was 
first made by Euclid, in his fifth book, a confessed- 
ly obscure book to a learner ; and yet, in the pure 
Greek editions, contemplated logically^ one of the 
most unobjectionable treatises that ever was writ- 
ten ^ The subject is continued by Euclid in four 
subsequent books, unfortunately inserted but in 
very few of the modem editions. He who per- 
mits a student to enter upon Euclid's fifth book, 
without showing that its topics and its reasoning 
are altogether different from what has preceded, 
may enforce the practice of getting by rote, but 
does not teach geometry. 

When a student is tolerably versed in the ordi- 
nary operations and principles of Arithmetic and 
Algebra, (as the Woolwich cadets must now be on 
admission,) he is placed on vantage ground, of 
which the master must, at once, show him how to 
avail himself; and he cannot do it better, than by 
making him thoroughly comprehend, that the 
doctrine of proportion is, in truth, the basis of 
mathematics, and by exemplifying and enforcing 

^ A very neat, compendious, and accurate Greek edition of 
Euclid, was published hy E, F. Augutt, at Berlin, in Svo. VoL I., 
published in 1826, contains the first nine books. VoL IL, in 
1829, contains, books ten to thirteen, with yariations and other 
notes, and a life of Euclid. I should rejoice if this edition were 
better known than it yet seems to be in England. 
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this, bj the joint aid of Arithmetical and Algebraic 
considerations, still farther illustrated and con- 
firmed by the doctrine of Euclid's fifth and sixth 
books. 

18. The student should first be taught to dis- 
tinguish number, that is, abstract number^ and 
quantity or magnitude; the first regarded as in- 
cluding the notion of times or repetitions^ inde- 
pendently of the things counted or repeated ; the 
second considered as whateyer is made up of 
parts, not differing from the whole in any respect, 
but that of being less : and then, if he be put upon 
the inferences, susceptible of being deduced firom 
the consideration of a part and the whole, he will 
perceive that they are only two : viz. 

(1.) The part is less than the whole. 

(2.) The whole is greater than a part \ 
He will thus learn to distinguish between a 
definition and an axiom; and may immediately be 

^ " There is no other quantity from which number may not be 
abstracted: therefore, first, number is perfectly abstract; secondly, 
it is the only thing which is so, 

** Again, we conclude, that as every thing specific has been ex- 
cluded in obtaining it, it is a question whether or not it is rightly 
denominated a species of quantity. 

" Lastly, notwithstanding its essential difference, it is inti- 
mately and equally connected with every species of [measurable] 
quantity, as being the only natural measure and representation of 
its magnitude." 
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taught the joint lise of definitions and axioms, and 
their consequent tendency to give cogency and 
certainty to that progressive reasoning which dis- 
tinguishes the mathematical from the ordinary 
logic. 

In the appropriate language of Professor Whe- 
well, ** the chains of the logician generally consist 
only of two or three links. In mathematics^ on the 
contrary, every theorem is an example of an extended 
progressive chain'; every proof consists of a series 
of assertions, of which each depends on the pre^ 
ceding, but of which the last inferences are no less 
evident, or no less easily applied, than the simplest 
first principles. The language contains a constant 
succession of short and rapid references to what 
has been proved already ; and it is justly assumed, 
that each of these brief movements helps the 
reasoner forward in a course of infallible certainty 
and security. Each of these hasty glances must 
possess the clearness of intuitive evidence, and the 
certainty of mature reflection ; and yet must leave 
the reasoner's mind entirely free, to turn instantly 
to the next step of his progress.*' 

The Acuity of pursuing such processes, readily 
and safely, is of inestimable value ; and, if I do 
not greatly mistake, an intelligent student may, by 
judicious scientific instruction, be now placed in 
full possession of this faculty, within a month or 
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six weeks of his joinisg any institution, the for- 
merly mentioned pre-requisites of knowledge being 
possessed. 

(a.) To this end, let him at once be tanghti 
that in all cases where the relation of greater and 
less cannot be ascertained, either there is equality 
as to sense, or the inquiry does not come within 
the province of mathematics. That in many other. 
cases, even in ordinary Arithmetic, which are, 
simply for practical purposes, referred to specific 
rules, a scientific classification refers them to the 
province of ratios and proportions. It is thus, 
with regard to reductions, to freustions, to multi' 
pKcation, and diviium, &c. For, when we reduce 
money, lineal measures, superficial measures, mea- 
sures of capacity, from one denomination to an-, 
other, we simply apply the measuring unit, either 
by repetitions or deductions, according to fixed 
and known ratios : when we say that one number 
or quantity is -^f or -^ of another, we mean, 
nothing else, than that one is to the other as one 
to twelve, or as one to twenty. When we multiply 
or divide a number or a quantity by fifty, for 
example, we simply ascertain another number or. 
quantity, which is to the former as fifty to onje, or 
as one to fifty. And so of other cases. 

19. This is not a refined technical distinction, 
but one of the utmost practical value; since it 
transfers the whole of Arithmetic, and all that de-. 



22. DOCTRINE OF PROPORTION. 

pends upon it, within the scope of the doctrine of 
proportions; and thus facilitates the theoretical 
comprehension of the reasons of the various pro- 
cesses, while it confers upon the pupil the capacity 
of generalizing with safety and success \ 

^ To impress this fuUy upon the mind, a skilful preceptor will 
find it important and useful to select, for the investigation of his 
pupils, a few of the questions often given at the very commence- 
ment of simple equations, and show how they not only serve to 
elucidate the properties of proportions, hut admit of clear solution 
from simple arithmetical principles. 

For example : — 

A father is 40 years old, and his son 12 ; in what time will the 
fige of the father be triple that of the son ? 

When one number is triple another, the difference of these 
numbers is manifestly double the less ; but whatever be the ages 
of father and son, the difference of their ages will always remain 
the same. In the present instance the difference is 28 years, and 
28 is double of 14 ; therefore the son must be 14 years of age, or 
2 years must elapse before the father's age be triple that of 
ike son. 

Were it required to find in what time the father's age would be 
double that of the son ; then 28 years, the difference of their 
ages, must be the age of the son ; and therefore, it will require 
16 years to elapse, before their ages be in the specified propor- 
tion. 

Again, if we wanted to know when the Other's age was 8 times 
that of the son ; then 28, the difference of their ages, must have 
been 7 times the son's age ; and therefore the son was just 4 
years old when their ages were in the above-mentioned propor- 
tion ; and 8 years have now elapsed, since the father's age was 
8 times that of the son. 

Here, as often, there will be an advantage in appealing to 
reason, rather than in calling up a rule. 
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^. With this understanding, let the student be 
taken over the subjects of proportions, fractions, 
and progressions, both in the Arithmetic and the 
AJgebra, in scientific connexion, with occasional 
hints and aids, from p. 317 — 321S, vol. i., edit, ii., 
(On Ratios and Proportions,) or supplied by the 
master, as the occasion may require, either from 
his own resources, or from the well-known por- 
tions of Wood, Bridge, Garrett, and Hind, devoted 
to kindred inquiries. When neither of these is at 
hand, the following hints may be found useful. 

Let the student be taught : 

(a.) That the ratio of two quantities of the same 
kind, is equal to the ratio of the abstract numbers 
which represent the number of times that any 
common measure can be repeated in each, or ap- 
plied to each. 

(ft.) That a careful distinction must be made 
between equal and unequal ratios, as well as their 
representatives. 

(c.) That four quantities are said to be propor- 
tionals, when the first is the same multiple, part, 
or parts of the second that the third is of the 
fourth. 

Note. This may be regarded as an Algebraical 
definition of proportion, of which the most useful 
consequences are traced in the ** Course,*' and may, 
at the master's pleasure, be otherwise deduced. 
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It should be farther shown, 

[d.) That if magnitudes be proportionals, ac^ 
cording to the Algebraical definition of proportion, 
they are also proportionals, according to the geo- 
metrical, or Euclidean definition* 

And the converse, and hence— 

(e.) That whatever consequences are strictly de- 
dudble from one of these, may be legitimately 
applied to the other. 

(/.) That, if a : ft and a? ; y, be equal ratios, 
the fractional representative of the former shi^l be 

equal to that of the latter : that is -r^ = — . 

[The following indication of a proof may be 
readily filled up orally, with references to the prin- 
ciples implied: and so it will be with regard to 
some subsequent indications of proofs.] 

a : b =z X I y 

y 

a _^ X 

since each has the same ratio to unity. 

{g,) Let the above be blended with the observa- 
tions and notes at pp. 46, 79, 83, &c., voL i.. Hut- 
ton, and let the advantages and disadvantages o£ 
representing ratios by fractions, and proportions, 
by equal fractions, be carefiiUy pointed out. 
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(A.) When four numbers are direct proportionals, 
the product of the extremes is equal to that of the 
2neans« 

Thus: — 
If 

then, 
also. 



• • 



a : 


\ h : : c : 


: d 


d : 


\ b = e 

: c = d \ 


: d 

; c 


ad \ 


', be ^z ed \ 


; cd 



But cd = cd, .'. ad zz be 

Cor, xlence a^-j,azz — ,oz= — 



and 



_ arf C whence the rules of propor- 
"" ft 1 tion in arithmetic* 

[Let it be remarked that the ordinary rules for 
stating and working the Rule of Three Inverse, in 
many books of arithmetic, are in violation of this 
principle.] 

(i.) When three quantities are proportional, i.e., 
when the first is to the second as the second to the 
third, the ratio of the first to the third is equal to 
the duplicate ratio of the first to the second. 

(i.) The duplicate ratios of equal ratios are equal 
to each other. 

(2.) That ratio which is compounded of three 
equal ratios is either the triplicate ratio, or is equal 

c 



^ WHAT IS THE FIRST OF FOUR TBRMS. 

to the triplicate ratio of one of those of which it is 
comppunded^ 

(m.) When four terms are in continued propor- 
tion, the ratio of the first term to the fourth is 
equal to the triplicate ratio of the first term to the 
second. 

Let the four terms be a, &, e and d : that isj 



Let a ; 


: b : c 


: d 


Then a [ 


; 6 zz a ; 


: 6 


b : 


! c a 


: b 


c ! 


; rf — - a 


: b 


/. abe ; 


: bed — o* : 


: y 


But abc ; 


; bed = a \ 


: d 



Because abc = a{be) 
And bed z= (bc)d 






a 



• • 



a 



(/}.) To multiply by the component parts of a 
composite number, is the same in effect as to mul- 
tiply by the composite number itself, and vice 
versd. 

EXAMPLE. 

To multiply 23 by 15. 



* Several propositions of a kindred nature to these are neatly 
and perspicuously demonstrated by Mr. Garrett, in his Essay on 
the Doctrine of Proportion. 



COMPONENT PARTS OF COMPOSITES. 



27 



Here — 



1 : 15 : 


: 23 ; 


; product. 


1 : 23 : 


: 15 ; 


; product. 


X 5 .... 5 : 115 : 

X 3 ... 15 ; 345 : 


: 16 : 
: 15 


; product. 
: product. 



But 15 = 15 .'. 345 = product. 

.-. 23 X 5 = 115, and 115 x 3 = 345 = pro- 
duct. 

Here, unity is to the multiplier as the multipli- 
cand to the product ;,and, by alternation, unity is to 
the multiplicand as the multiplier is to the product ; 
consequently, 5 times unity is to 5 times the mul- 
tiplicand, as the multiplier is to the product ; and 
3 times 5 times, that is, 15 times, unity, is to 3 
times 5 times, or 15. times the multiplicand^ as the 
multiplier is to the product. 

A similar proof may be applied to any other case: 
an analogous one to division ; and like considerar 
tions furnish the best reason for the rule of the 
aigns in multiplication of algebra. 

(o.) The following synopsis of proportion may 
assist the recollection, after studying the 5th Book 
of Euclid. 

SYNOPSIS OF PROPORTION. 



If A : 


B : 


: c 


: D 


Permutando A ; 


c : 


: B 


: D 


Invertendo B ! 


A : 


: D 


: c 
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: B : 


: c+D : 


: B : 


: c-D : 


: A+B : 


: c : 


: A-B : 


: c 


^B : 


: D 


: c : 


: E-^ 



} 



c 

B 
C 



D 

E 
D 

D 



D 

D 
C+D| 
C-D J 

.E 

F 

F 

F 
E 



Componendo A + B 
Dividendo A— B 
Convertendo A 
or A 

AlsOf if A 

and B 
then^ 

Ex aequo or- 
dinate 
Also^ if A 

and B 
then. 
Ex aequo per- "^ 

turbate j 

(p.) Let the student receive a clear explication 
of the reason why in Euc. v. def. 3, there is a defi- 
nition of ratio which is apparently simple; and 
then 9 in def. 5, an apparently complex test of 
equality of ratios. 

(q.) Let his mind be also fixed upon the distinc- 
tion between the ordinary acceptation of the word 
part, and that adopted by Euclid in the 5th book» 
and to the consequences of that distinction. 

[In common language^ a part of a magnitude 
means any portion of it whatever. Euclid limits 
the meaning to that portion of the magnitude which 
is contained in it a number of times exactly. Thus, 
in common language, 7 is apart of the number 24; 
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while, according to Euclid, 2, 3, 6, 8, 12, (not 7,) 
are parts of 24. 

Why did Euclid take tliis view, and what are its 
consequences, must be clearly explained. One of 
these consequences is the comparatively modera 
distinction between arithmetical and geometrical 
Proportion and Progression ; or between equidif- 
ferent and equirational progression, as they are 
now often called. 

Also, 

(r.) Why, in the demonstrations of Euclid v., 
right lines are assumed as the representatives of all 
such magnitudes as are brought into consideration 
in that book. 

Let the student be taught to distinguish between 
the terms of a ratio and the ratio itself, by being 
shewn — 

{s ) That the terms of a ratio mag vary through 
all degrees of magnitude, and yet the ratio itself 
continue invariable. 

Let AP, AQ,be two 
indefinite right lines, 
intersecting in a given 
angle A, and on any 
point M in AP, draw 
MN to make any given angle with AP, and till it 
meets AQ in N. Let the point M be supposed to 
move along AP, so that AM and MN (always 

c3 
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making the same angle with AP) may increase and 
decrease. The lines AM and MN in this cas^ 
may vary through all degrees of magnitude, may 
become greater or less than any assigned line ; yet 
the ratio of AM to MN remains invariably the 
same, because the triangles AMN, AMN, are 
always similar. (Euc. vi. 2.) 

On the other hand, it should also be proved — 

(L) That) in numberless instances, although 
changing the terms does change the ratiOy yet the 
•variations cannot go beyond certain limits, even 
though the terms themselves should increase or 
decrease, in infinitum. 

[Of this the following example, which is very 
instructive, is quoted from Saunderson's Algehraj 
now becoming a scarce book.] 

Let X be any varying quantity : make 4aj* + 3d? 
=: A, and ^rc* + jc = B ; then will A and B evi- 
dently be varying quantities, as depending upon x. 
When X vanishes, or becomes nothing, A and B 
will both vanish ; and when x is infinite, both A and 
B will be infinite. Now, I say that the ratio of A 
to B, while x decreases in irifinitum, approximates 
to the ratio of 3 to 1, as its limit. For, 1st, A is 
to B as 4!X^ + 3x to 2a?* + x, or, as 4a? + 3 to 2a? 
+ 1. Here it is obvious that as x decreases, the 
quantities 4a? and 2x decrease, and consequently 
the ratio of 4a? + 3 to 2a? + 1, or of A to B, ap- 
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preaches to that of 3 to 1 . 2ndly. The ratio of A to 
B can never reach or exceed that of 3 to 1. For 
60?" + 3a? is to 2a?* + a? as 3 to 1 ; but 4a?' + 3a? 
is a less quantity than 6a?* + 3 a? ; therefore 4ar* + 
Sx is to Sa?* + 0?, or A is to B^ always in a less 
ratio than that of 3 to I. Lastly. The ratio of A 
to B will approach nearer to that of 3 to 1, than 
by any assigned difference : For^ in the terms of 
this ratio 4a? + 3 and 2a? + 1 , the varying parts 
ix and 2a? mayi by diminishing a?, become less 
than any assigned quantity, while the other parts, 
S and 1, remain the same: therefore the ratio of A 
to B will, in this case, approach nearer to the ratio 
of 3 to 1 than by any assigned difl'erence. 

Again, in like manner, the ratio of A to B, 
while X increases in infinitum, approximates to the 
ratio of 2 TO 1 as its limit. For, 1st. Since A is to 

3 1 

B as 4a? + 3 to 2a? + 1, or, as 4 + - is to 2 H — ; 

a? X 

it is easy to see that, as x increases, the qaantities 

^ 1 

— and- decrease, and consequently the ratio of 

3 1 

4 + '- to 2 + - , or of A to B, approaches to the 
a? a? 

ratio of 4 to 2, or of 2 to 1. 2ndly. The ratio of 

A to B can never be less (that is, never be nearer to 

the ratio of equality) than the ratio of 2 to 1. For 

4ar* + 2a? is to 2oi? 4- a?, as 2 is to 1 ; but 4a?* + 

c 4 
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concrete number ; as well as those between repeti- 
iioUf varieties of length, surface^ capacity, and 
opening t and show how either of these may suggest 
the idea of ratio, while a periodical function^ as that 
of an arc extending through from 1 to 5y 7, 9, &c,, 
quadrants, suggests a still more remote class, and 
requires a more refined analysis ; he will then have 
opened a wide and fruitful field, and must point 
out to the student over what portions he may make 
his excursions freely and safely, as weU as direct 
him to a barrier where he must pause, and make 
these deductions, viz. : — 

(w.) 1 . Abstract numbers are certain ratios. 

2. Abstract fractions are certain other ratios. 

3. All possible ratios are not found among num- 
bers and fractions. 

Whence it follows — 

4. That primary arithmetic, or that which re- 
lates to abstract and definite numbers, though it 
may be, as far as it goes, a theory of ratios and 
proportions, is not a theory of all ratios and pro- 
portions, nor are its operations such as can be per- 
formed upon all ratios or proportions. 

In other words — 

5. We in many cases safely apply the concep- 
tion of proportionality to examples in which one 
quantity is neither multiple, part, nor parts (c) of 
anodier ; as when we infer that the diagonals of two 
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squares are proportional to their sides, or the dia*- 
gonals of two rectangles^ whose sides are 5 and 7, 
and 5n and 7n, are proportional to the sides 5 and 
6n, or 7 and 7n. 

6. In sudi cases the deductions, though correct, 
go beyond the limits of the definition. How, then, 
is the ground to be made secure ? 

Thus will the fetiident be brought to the inevi- 
table consideration of incommensurables, a topic 
with which the master should make him thoroughly 
conversant before he quits Euclid's 5th book. 

21. Another subject in which great advantages 
will flow from a systematic junction of the arith- 
metical and algebriaical considerations and processes, 
is that of composite factors and common measures, 
whether taken with regard to fractions simply, or 
in refeifence to their ultimate bearing upon the 
solution of equations. 

Here the student, after duly attending to the 
definitions at p. 3, vol. i., should be referred to 
the rules and notes at pp. 41, 43, 44, (case 1, 3. 
Fractions) committing to memory the criteria of 
divisibility by ^, 5^ 6^ 8, 11, &c., and pursuing the 
inductions which led to those criteria. Let him be 
s&t to find out, Mrhiet^er or not there is a condition 
in tlie use of criterion 7, not specified. [That Con^^ 
dition being, in fact, this : if the sum of the digits 
in the odd {>lace8 is not equal to the sum of the 

c6 
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digits in the even places, still, when their difference 
is divisible by 11, the entire number is divisible by 

11.] 

He should then be required to collect, and, 
where necessary, seek the reasons of, a few other 
definitions and propositions : such, ex.gr.^ as — 

(a.) One quantity is said to measure another, 
when it can be taken from the other any number 
of times, or when it can be applied to the other any 
number of times, without leaving a remainder. 
Thus, 5 measures 5; 3 measures IS; 7 measures 
35 ; &c. 

(6.) One number is said to be a common multiple 
of several less numbers, when it is measured by 
each of the less. 

Thus 12 is a common multiple of 6, 4, 3, 2, and 1. 

(c.) One number is said to be a comman measure 
of several numbers, when it measures each of them. 
Thus, 3 is a common measure of 3, 6, 9, 12, 15, 
&c. An hour is a common measure of a day, and 
of a week ; but not, strictly speaking, of a year. 

(d,) A number is said to be absolutely prime 
when it admits of no measure but itself and unity. 
As7, 11, 13, 17, 19,29,&c. 

(e,) Numbers are said to be relatively prime, 
or prime to each other, when they admit of no 
common measure but unity. Thus 5 and 7 are 
both absolutely and relatively prime; 14 and 15 
are relatively, but neither of them absolutely prime: 
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for 2 and 7 measure 14, but neither of them will 
measure 15 ; 3 and 5 measure 15, but neither of 
them will measure 14. 

(/.) A number is called composite when it admits 
of more measures than itself; and unity, and those 
factors which produce it by multiplication, are 
called its component parts, or composite factors. 

(g.) When one number measures another, it will 
measure all multiples of that other. 

(A.) When one number measures several, it will 
measure their sum. 

(«). When one number is a common measure of 
two numbers, it will measure their difference. 

(k.) These being duly comprehended, let a 
simple example be worked according to the rule at 
p. 40. 

EXAMPLE. 

Find the greatest common measure of 124 and 

280. 

Ist step— 124) 280 (2 

248 



2nd step— 32) 124 (3 

96 

3rd step— 28) 82 (I 

28 

4th step— 4) 28 (7 

28 
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Here 4 is the ebmmon meiasure^ 
That the number 4, just founds must be a com- 
mon measure of 124 and 280^ maj be thus shewn : — 

1. Because 4 measures 4 and 28 — that is, itself 
and the last dividend — 4 must mea&ure 32 (A) the 
sum of 4 and ^8. 

2. Because 4 measures 32, it must measure 96 
(g)f a multiple of 32 ; and since 4 measures 28 and 
965 it must measure 124 (h)^ their sum. 

3. Because 4 measures 124» it must measure 
248 (g), a multiple of 124; and since 4 measures 
^2 and 248, it must measure 280 (A), their sum : 
consequently, 4 is a common measure of 124 and 
280, the proposed numbers. 

Farther — That the number 4, found as above« 
must be the greatest common measure of 124 and 
280, may be thus shewn : — 

^ ExpedientSt which will readily suggest themselves after a little 
practice, will often abridge the operation. Thus, iii the above 
example, carry on the second step, instead of subtracting 3 times 
32 from 124, by taking 124 from 4 times 32, and making use of 
the difference, as below :>— 
124) 280 (2 
248 



32) 124 (4 
128 



4) 32 (8 
32 

The common measure is 4 as before. 
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If possible, let any assumed number, as 5, greater 
than 4, be a common measure of 124 and £80. 

1. If 5 measure 134, it must measure 248 {g) a 
multiple of 124 ; and if 6 measure £48 and £80, it 
must (i) measure S£, their difference. 

2. If 5 measure 3£, it must measure 96 (g\ a 
multiple of 3£ ; and if 5 measure 96 and 1£4, it 
must (i) measure £8, iheir difference. 

S. If 5 measure £8 and 32, then, according to (e) 
it should measure 4, their difference ; that is, a 
greater number should measure a less ; but that is 
impossible ; consequently, the supposition that 5 
may be a common measure of 1£4 and £80, from 
which this absurd inference would follow, cannot 
be true. And the same may be shewn of any 
other number greater than 4. 

A similar process, applied to two or three other 
cases, will, without a more refined investigation, 
produce a conviction of the truth of the method 
that cannot be shaken. It will farther serve to 
produce the conviction, that reasonings soundly 
conducted upon the principles of numbers alone, 
may lead to infallible results ; and« therefore, that 
the use of numbers is not restricted to mere compu- 
tations. [Other illustrations occur in Garrett On 
Proportion.] 

(/). Algebraically, alsb, the truth of the usual 
method of finding the greatest common measure. 
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may be established after a process here briefly 
hinted. 

Suppose the operation to stand thus : — 

b)a(p 
ph 

~c)b{q 
qc 

d) c [r 
rd 



then c = rrf ; h '=.'qc + d = (yr + 1) rf; a = 
^6 + c = (y + pqr + r) d. 

•*• a and h are both divisible by d, viz., by the 
units in (p + pqr + r), and (yr + 1), respectively ; 
that is, c7 is a common measure of tL and &. 

It is also their greatest common measure : for if 
not, let X be a greater, and suppose — 

a b 

X X 

•*• c n a — pb =2 mx — pnx 
dz::b'^qc^:^nx'^ qmx + pqnx 



/. - = n — grii» + pqn ; 



that is, X measures d ; a greater quantity measures 
a less, which is absurd. •*. d is the greatest com- 
mon measure of a and i. q.e.d. 
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[Let the attention of the student he drawn to 
the evident analogy between these two methods^ 
the arithmetical and the algebraical ; and if he 
have developed by this time a turn for investigation, 
let him be employed upon processes of his own in 
which the analogy shall be drawn still closer.] 

(m.) The greatest common measure is not neces- 
sarily the greatest numerical common measure of 
the numbers resulting from assigning numerical 
values to the letters comprehended in the expres- 
sions. For example, the greatest common mea- 
sure of a' — c* and a6 + 6c is a + c. But, 
if a = 7, 5 = 6, and c = tS, the greatest common 
measure of 49 — 9 and 42 + 18, is not 7 + 3, 
but 2 (7 + 3). 

(».) The divisors in the rule, note pp. 43, 44, 
ought to be restricted to prime numbers, otherwise 
it may happen that some factor is unnecessarily 
repeated. 

Thus, 5x2.3 X 2 . 5 . 7, is not the least 
common multiple of 50, 30, and 42, it containing 
an unnecessary factor, 5. 

The ambiguous result may be avoided by re- 
stricting the divisors to the primes, as above, or, 
by employing and exhausting the lowest common 
divisors before proceeding to the higher ones. 



4^ 
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Thus, in 2, 10, 10, 10, 75, 150, 4, if we com- 
mence with 10, we have — 



10 


2. 


10, 


10, 


10, 


75, 


150. 


4 


5 


2, 


1, 


1, 


1. 


75, 


15, 


4 


8 


2, 


1, 


1, 


1. 


15, 


3, 


4 


2 


2, 


1, 


1. 


1, 


5, 


1. 


4 


• 


1. 


1, 


1, 


1, 


5, 


1, 


2 



2, 


10, 


10, 


10, 


76, 


150, 


4 


1, 


5, 


5, 


5, 


75, 


75, 


« 


1. 


1, 


1. 


1. 


15, 


15, 


2 


1. 


1, 


1, 


1, 


1. 


1, 


2 



10x5x3x2x5x2= 3000, commoa 
multiple. 

But comtnencmg with 2, we have — 

2 

5 
5 . 3] 15 

2x5x15x2 = 300, least common multiple. 

(p.) Even this labour, simple as it is, may often 
be shortened by a table of prime factors, such as 
Barlow's or Lidonne^s, (the latter being far the 
most copious,) or by practice : thus — 
3366 = 2 . 8 . 3 . 11 . 17 
4590 = 2.3.3. 3 . 5 . 17 

(p.) Let the mutual relation between the great- 
est common measure, and the least common mul- 
tiple (G.C.M.) and (Lc.m.) of two numbers be shewn ; 
and the use of that relation in reducing fractions, 
in simplifying and solving equations. 
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[Let m be any common measure of a and b, and 
sruppose — 

m ' «i *' 

then — 1= mQQ^ == dQ or 6Q.; 

tn 

therefore, ~ is a common multiple of a and b. 
But when m is greatesti — is least ; that is, 

nh 

(^ Pfur is {I'C.m.) o{ a, b; or the product of a, 6, 

divided by the greatest common measur^i is their 
least common multiple. 

If m be (l.c.m.) t)f a, b, then the {l.e.m.) of m 
and c is also of a, b, c. 

Thus, the (Z.c.wi.) of 4 (1 - x)\ 8 (1 - a?), 8 
(1 + x), 4 (I + J?*) is evidently 8 (1 - a?)" 
(1 + a?) (1 + j:*)or 8 (1 - x) (1 - x^) (1 + «>), 
or 8 (1 — jj) (1 — a?*) ; that is, 8 (1 — a: — aj* + 
ar*) = (/.cm.)] 

(;). The terms which contain the same power of 
the letter according to which the arrangement is 
made, are to be considered as forming but one 
term. 

Thus, in the fraction — 
o« (y ^ g«) ^ ah (26' 4- 6c - c*) + 6» (6 + c) 

«•(&' + 26c + c')~a'6(26> + 36c + c*) + o6'(6 + c) 
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contemplating the co-efBcients {b + c\ {2b* + be 
— c*), (6* — c*), &c., it is at once seen that (6 + c) 
is a common factor independent of a .... sup- 
pressing it, we investigate the greatest divisor of 

a« (6 -. c) -• ab {2b - c) + 6» 
and a* (6 + c) — a'6 {2b + c) + ab* 
which we find to be a — b. Hence that of the 
two terms of the fraction proposed is a (6 + c) — 6 

{b + c) ; and it .*. reduces to 

g (6 - c) - 6' 

a» (6 + c) — ab* 

I subjoin two more examples of this kind of 

decomposition : — 

,, . das' + 53a:' — 9a? — 18, . . , . 
(*•) a;- + 11a? + 30 ^evidently 

- (a? + 6) (9a?' — a? - 3) 
^ Co? + 6) (a? + 5) 
_ 9a;' — a? - 3 

(^•^ 8a' ^ 8a' b "^^^ ^ *"' ^^ 

composed : — 

5 a (g' •- ggft + 6*) 5a (a — i)' 

8a' (a - 6) * ^^' 8a' (a - 6) 

suppressing the common factor a (a ^5), the result is 

5 (a - 6) 

8a 

(r.) These^ and similar reductions, which are of 
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the utmost value in practicey will be greatly faci- 
litated by thoroughly studying the substance of 
the notes and remarks at pp. 124, ISS, 130, 135^ 
and the conversions at pp. 131| 13S^ (ed. xi.) 

A few more useful forms may be annexed to the 
margin of p. 130. Such as — 

If n be even, a" — b^ will be divisible by both 
a — 6 and a + &• 

If n be oddy o" + 6 will be divisible by a + 6, 
but not by a — J. 

a" — o* is always divisible by a — 1. 

If TO — » be even, a" — a" will be divisible by 
a + L 

If w— » be odd, a -j-a'^ will be divisible by a + 1. 

Many valuable examples are given in Hind's 
Algebra, and most of them with the prospective 
reference of which I have spoken, art. 9. Also in 
Wright, and in HirscKs Collection, who says, 
*^ Upon this reduction the teacher has an oppor- 
tunity of making several important remarks.'* 

2S. Circtdating decimals and their most curious 
properties (note, p. 55), Duodecimals (p. 58), and 
Evolution (pp. 6S — 71), should be taught both with 

^ The attention of the student should he carefully directed to all 
such operations, as, however easy, suggest, at the same time, a 
principle of simplification of frequent use. Such, for example, is 
No. 2, p. 134, (case 3), as may be shown by causing him to com* 
pare the work with the ordinary prociess. 
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a view to tha fiusilities of practice and the compre- 
hension of the principles upon which the practical 
rules are founded : and this, I repeat, is altogether 
within the reach of a cadet who has advanced to 
Elitninations^ on admission. 

(a.) Bearing this in mind» the methods of con- 
tracted multiplication and division should be tho- 
roughly explained ; as should also the con traction, of 
the square root given at p^ 63, with a simple de- 
monstration of the truth of that method ; such, for 
example, a? is given by Lacroix, in his Algebra. 

(6.) It might also sometimes be interesting to 
show in what cases the square root of a circulating 
decimal must, of necessity ^ be a circulating deci- 
mal. Such particulars having, independent of 
their immediate utility, an obvious tendency to 
excite, gratify, and keep alive, that spirit of ac- 
tive research, which it is the great object of all 
these remarks and directions to produce and 
perpetuate,* 

^ It is well known that a whole number, having no integral root, 
has no decimal terminating root But it is not to be thence in- 
ferred, that no fraction whatever can express the roots of such 
numbers, since there are fractions which cannot be expressed by 
any terminate decimal. And, if the decimal obtained in extract- 
ing the root of a number could, after any figure, become a circu- 
lating decimal, the value of the previous figures, together with the 
value of the fractiou, firom which such circulating decimal might 
arise, would be the exact root of that number. For example :— 
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(e). In teaching Somer^s^ method for the cube 
TOot> which I regard as essential, or some analogous 
process^ let the pupil be tapght that it is not a 
method of trial and error, as some have inad- 
vertently asserted^ but a direct Qiethod founded on 

if the figures obtained by extracting the square root of a certain 

2 
number, were 3*412121212, &c. ad inf. = 3*4 + r^^, the square 

2 
root of that number would be 3*4 4- r^r. 

For, if possible, let P be a number, the figures of whose mth 

Q 

root at length circulate j and let -tl be oqual to the sum of the 

▼alue of the previous figures, and the value of the circulating 

S S*" 

part; I say, that in that case, ^V = ^» or P = — . 

For, if P be not equal to ^, let it be equal to — ± <; = 

: tben 



U 



vp = z/^-^' 



-^^^ g i ; that is, the figures obtained for V^ ^^^ 

throughout with the decimal fraction, by dividing the figures of 
'^Z (S^ ± d D ) by D. But the figures of V^» ^ hypothesis, 
agree with those obtained by dividing S by D. Therefore, the 
figures of VCS*" ± d D*") are the figures of S, or ^(5"* ± d 
D"») = 'VS'" ; which is absurd. Therefore, in that case *y P 

would be equal to - ; but because by hypothesis, P has no in- 

tegral root, neither has it any fractional root, jr. Therefore the 

decimal obtained by the operation of extracting the root of a whole 
numbeTf cannot circulate* 
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an approximation drawn from a binomial developer 
ment. 

The student should also be informed that, in 
cases where more figures are required in the root 
than the ordinary logarithm tables will supply, 
this method saves full nine-tenths of the work that 
would be required in Hutton*s method (p. 68), and 
forty-nine fiftieths of the work required by the 
ordinary rule. 

This may, farther, give the master an oppor- 
tunity of enforcing the advantage of analytical talent 
in shortening and simplifying arithmetical opera-' 
tions, and proportionally diminishing the risk of 
mistake in the work; and a similar observation will 
apply to all Mr. Homer's beautiful simplifications, 
as well as to other matters brought forward in both 
volumes of the 11 th edition of the Course. 

23. Adhering to the plan all along recommended 
in these papers, of connecting, as far as possible, 
the subjects treated, both in arithmetic and algebra, 
let not only the fractions in both be thus connected, 
agreeably to the scientific views herein explained, 
but the progressions (pp. 79 — 85, 155 — 167), the 
Simple and Compound Interest (pp. 89— -92, 258 — 
264) ; the latter being, of necessity, deferred until 
logarithms are understood. 

24. Fellowship and Loss-and-Gain should be 
treated as useful applications of the doctrine of 



ALOEBBA, NOTATION, &C. 49 

Proportion, elucidatiDg, with especial care, the 
cases in which the gain or loss is estimated per 
cent. ; and Single and Double Position, as ob- 
viously inferior and limited in application, but jet 
as manifestly subsidiary to Simple and Quadratic 
Equations. 

25. Reverting now to considerations relating to 
the very commencement of algebra, let it be re- 
marked, that clear views of the character and 
objects of this branch of mathematics, of the defini« 
tions, notation, and fundamental principles, are of 
the utmost importance. 

I take it for granted (art 11), that this consti- 
tutes an essential part of the revision to which the 
knowledge of every student is subjected on his en- 
tering an institution. The inquiry must go much 
farther than to the recollection of these matters. 
He must be taught what powers, as regards accu- 
racy, facility, and generalization, are conferred by 
thorough familiarity with the use of algebraic 
symbols. He must be made to perceive and feel 
the universality of the algebraic language^ as not 
only susceptible of immediate and safe applica^ 
tion to the various topics of arithmetic, geometry, 
mechanics, hydrostatics, astronomy, &c., including 
extension, variations, motion, time, velocity, equili- 
brium, resistance, &c., but as evinced by the fact 
of its leading in a comparatively short period, to 

D 
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the most extraordinary improvements and dis- 
coveries : the calculus^ which has verified the prin- 
ciples of gravitation^ and enabled computers to 
predict various astronomical phenomena to the beat 
of a clocks pendulum, was but a century ago in its 
infancy ! 

(a.) Let the pupil, if he be advanced nearly to 
quadratic equations, be carried attentively over the 
definitions and general principles explained upon 
pages 104 — 115 of vol. i. edition 11«^ 

(6.) Let him attend carefully to the origin and 
advantages of adopting letters as symbols of numbet 
or quantity, (p. 106). 

(c.) — To the precise force and application of the 
symbols that denote operations. 

1 There are three rules of a good.defiaition, which should be 
attended to, not only in algebra and geometry, but throughout 
any scientific course. Science never proceeds so safely and suc- 
cessfully as when it proceeds with due regard to the principles of 
logic. 

(Rule 1.) That a definition be adequate to the thing defined; 
that is, contain neither more nor less. 

(2.) That it be proper to the thing defined, or distinguish it 
f^om all others. 

(S.) That it be more clear and manifest than the thing defined. 

N.B.— We simply treat here of the definition of the thing. 

The definition of the iwiiim only explains the meaning of a 

I'he too Arequent defects of a definition are, that it neither 
«f roes to the ¥>koU thing, nor to At toU thing. 
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(d,) — To the facilities supplied by the use, as far 
as possible, of initial letters ; as /, for force ; m, for 
momentum ; v, for velocity^ t, for time ; r, rate of 
interest ; p^ principal, &c. ; with the simple and 
advantageous exceptions, in purely algebraical pro- 
blems, of restricting the initial letters to known 
quantities, and the final letters to unknown ones ; 
and the infelicitous exception in the differ.ential 
calculus, of employing the d to denote differential : 
an exception, however, which it is hoped will ere 
long be removed by the universal adoption of S, 
or of some other specific symbol, for differential. 

(e,) Let the precise meanings of the technical 
words, as co-efficientf exponent^ residual, binomial, 
polynomial, be fixed by such marked references to 
their etymology as shall preclude all mistake or 
ambiguity. 

(/.) Let the analogies or relations suggested by 
the notation, be carefully specified, distinguished, 

_ JL 

and explained. As in a^, . , » a, a^, a , a, a^ , 

a"^, o^, a^. o° . . . . o*, a', a*, a, a"^, o~*, a^, a"*, 
cr^, &c., &c., &c., (pp. 109—111.) 

(^.) Let the cases in which a vinculum is neces- 
sary, or unnecessary, be carefully discriminated; 
and the advantages and disadvantages of the difier- 
ent characters employed for the purpose be as 
.carefully marked. 

D 2 
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(A.) Let the power of algebraical language, as a 
correct vehicle of thought, as an instrument to 
express the utmost variety of conditions, be most 
sedulously and distinctively impressed. (See pp. 
112—114.) 

It is one thing to learn to express the conditions 
or terms of a question, or proposition, intended 
for investigation, and quite another to conduct the 
investigation itself. The former is what is here 
meant ; though Labvoix, and other excellent writers 
on algebra, actually commence the subject with the 
solution of some equations, — a method which, I 
am persuaded, has the most decided advantages, 
although we are not yet quite prepared to adopt it 
universally in this country. 

(f.) Let the student be thoroughly versed in the 
art of determining the numerical values of different 
algebraical expressions, the respective value of 
each letter being assigned. (See p. 115.) 

[The last two directions relate to matters of such 
extreme importance, that, I doubt not, it will often 
be found expedient to give the student a greater 
variety of exercises than the " Course" exhibits ; 
especially when it is borne in mind that students 
are frequently found extremely defective with 
regard to both these particulars. Several good 
examples for practice are given by Professor Gill, 

13 
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of the Flushing College^ in his Mathematical Mis^ 
ceUanyI\ 

(26.) In addition to such of the preceding di- 
rectionsy (art. 20, a, 6, c, &c., 21, «, ft, c, &c.) 
as relate to algebraic principles and operations, I 
now present a few more, as the subjects occur in 
the order of the printed Course. 

(a.) Let the note, p. 116 (Addition), be atten- 
tively explained. 

(ft.) With regard to the note, p. 121 (Multipli* 
cation), see the foregoing art., 20 n, 

(c.) Let Horner's improved methods of multipli- 
cation and division, by the detached co-efficients, 
and his beautiful method of synthetic dimsum^ 
(pp. 123, 129, 130), be explained and enforced, 
both as relates to theory and practice, with a view 
to their use in relation to series, and in the solution 
of equations (pp. 210, 226, 228), and such as 

aj» — 25a? =; 88 
4a;' - 20a? = 352, 
with a caution and skill proportionate to their 
analytical value. 

Synthetic division, besides its immediate use, is, 
as the student should be apprized, of great value in 
obtaining factors, preparatory to the integration of 
finite differences, in the method of combinations, 
the construction of a recurring series, the treat* 

D 3 
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ment of reciprocal equations, and many other inter-* 
esting researches. 

(d.) At p. 145 (Evolution) f let the characteristic 
difference in the two cases of (— a — 6), raised to 
integral powers, with odd and even exponents, be 
made clear by at least two additional examples. 
Let the curious property in the note p. 152| con- 
necting the sum of the co*ejS!cients with the powers 
of 2, be demonstrated ; and let not the practical 
remark at the foot of p. 143, {Evolution), as to 
performinff the division Jlrst, be disregarded. 

(e.) Let the whole doctrine of surds be taught 
with the prospective reference, to which I have 
before adverted (art. 9), as well as to the most 
useful and scientific decompositions of the factors. 

(/.) Let the student be made to keep in mind 
the practical advantages of removing the snri from 
the denominator of a numerical fractional expres- 
sion; and of such simplifying reductions as are 
explained in the notes, pp. 149, 150, 153. ex. 11. 

(ff.) In explaining and demonstrating the note, 
p. 153, relating to a binomial or residual surd, let the 
pupil be shewn how it depends upon this property, 
that the square root of a rational quantity cannot 
be partially rational and partly a quadratic surd. 

(A.) And from hence let it be shewn, (again with 
the prospective reference which I consider as so 
highly important in exciting a thirst for knowledge. 
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and stimulating a love of inquirj)i that, with regard 
to the elimination of unknown quantities, there is 
an exception to the rule that there must be as 
many independent equations as there are unknown 
quantities in the case, 

X ± Vy = a ± *yb; and why? 

Andy with reference to the whole business of 
equations, from simple equations onward, let a 
marked and decided care be taken that with the 
pupil it should never be permitted to slide into a 
mere matter of mechanism, but preserved as one of 
mind also, involving the progress of method and 
reasoning: and, with a view to this, let the master 
especially enforce the directions in the valuable 
note at p. 178, at the very commencement of the 
rules of Simple Equations. 

(i.) Let the student, on being taught the two 
first as well as the third problem in Series (pp. 168 — 
176), be instructed, not merely in particular exr 
amples, but shewn how, in many cases, one form 
includes several particular series, and thus led to 
deduce a few of the generalizations which they so 
obviously indicate. Let him here, also, learn to 
discriminate between the two uses of the mark (=) ; 
1st, that of a sign of absolute equality, as when we 
read, that 11 :^ 6 + 9 — 3 . 

13' = 5V + V2* 
(m' + ny = (m' - n^ + {2mn)\ 

D 4 
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Sndly, tliat of a symbol or indication of a Umit; as 
in the cases, 

J— ^ = 1 + i + I + 1 + ^ + &c., 

= = a + ar '\' ar^ + ar^ '\' af^ ^ Sec., 

the fonner approximating more and more to a 
limit, properly speaking, the farther it is continued : 
the latter doing so when r is less than unity. 

{k.) Here, also, he should be told, as the terms 
may also occur without explication, that cou" 
vergency is continued approximation to limit; 
divergency y the contrary ; and that a slight change 
in the relations of the quantities employed, may 
change a converging into a diverging series ; and 
the contrary. 

{L) Among the examples of series whose pecu- 
liarities may be advantageously explained to the 
student, take the following :•— 

(1.) -J-_=i_i+i_i + i_i+ * 



1 + 1 1 + 1 

Here, if the series terminate at an even number 
of terms, those with + and those with ^ destroy 
each other ; and the limiting value of the series is 

, , = 2 y the remaining fraction. 
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But^ if the series stop at an odd nnmheT of terms, 

we have 1 — :; — --^ = 1 — i =: i , for the limit- 

1+1 ^ ^ ' 

ing value. 

1 «* 

(2.) z = 1 + o + a* + a» + a* + 



1 — a 1 — a 

If a = Ij then, 

^ =1 + 14-14.14-1+1 + &c. =:J = oo 



If a = 2| then, 

1 fi4 

= 1 + 2 + 4 + 8 + 16 + 32 + 



l-.2''''''l-2 
= -^ 1. 

If a = 3, 

1 Kl 1 

= 1+3 + 9 + 27+'' 



[The two latter exemplifications are useful, as 
showing how a series of positive numbers is derived 
from an expression essentially negative ; and how 
the paradox is removed.] 

Ifa = l, 

2 the limit. 

3, It may be well to give the student a geome- 
trical illustration of this case of the general form, 
to the following effect : — 

D 5 
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Let AT be an indefinite right line, on i^TfaicIi set 
off the equal parts, AB, BC, CD, 
DE, &c. On AB make a square ; 
on BC a right-angled parallelo- 
gram, whose breadth, B6, is half 
the breadth Ka of the square ; on 
CD, another rectangular parallelo- 
gram, whose breadth, Cc, shall be 
half Bi, and so on. It is evident 
that the right-lined figure com- 
posed of all these rectangles, 
though infinite in extent firom A 
towards T, is finite in area, being 
equal to twice the square upon 
AB ; or the aggregate of all the 
areas approximates to that, as a 
limit. 

(4.) The demonstration of No. 
64 of the exercises in plane geo- 
metry (p. 334), will supply ano- 
ther instructive illustration of the 
same principles. 

The proposition is this : — ^The 
sum of a descending infinite 

A A. 

series, such as a + & + 

- + --,+ &c., is well known to be expressed by 
a or 

£ , the square of the first term divided by the 

a — 







« 




e 


» 
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difference of the first and second* Demonstrate 
this upon geometrical principles* 

In the indefinite right line, ABC, &c., let AB 
represent the first term (a), and BC the second 




term (6) in the series. Upon this right line draw 
the squares ABIH and BCLK; through the points 
H and K let a right line be produced, and it will 
cut the indefinite right line ABC, &c., in the 
point P, Now, the line AP will represent the 
sum or aggregate of the infinite series in the 
proposition. For the squares may be supposed to 
be continued on in infinitum as to number, and 
their sides must inevitably bear the same propor- 
tion with the terms in the series; and that the 
sides of the squares in continuation cannot go be- 
yond the point P, is manifest, since the side of 
every new square to be raised will be to the 
remainder of the line AP, as HA to AP, or KB 

D 6 
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to BP, or MC to CP, &c. Therefore, to ascertain 
tlie length of AP, .or the sum of the infinite series, 
we have, from the similar triangles, KIH, HAP, 
KI ; IH : : HA : AP-, that is, a -. 6 : 

a I I a I 1 =: AP. Q.E.D. 

(m.) Let the correction of the errata at p. 175 
be made an instructive exercise for the student. 
Let him be taught the use of this prob. iii. in tole- 
rable detail, showing him on what the convergency 
depends, and explaining in what manner, as 
pointed out in pp. 175, 176, this vaiuable method 
may be made universally applicable, and not be 
limited in its application, as some have either 
ignorantly or inadvertently asserted. 

(n.) As to the higher portion of Infinite Sei '?# 
(pp. 264 — 284), it will, in my judgment, be usually 
expedient to defer it, to be taught in the 2nd or 
1st Halls of Study, and there for the preceptor to 
point out the occasional prospective references to 
matters connected with the Differential and Inte- 
gral Calculus. But the principles and use of the 
method of Indeterminate Co-efficients^ with the 
investigations of the binomial and exponential 
theorems (pp. 238 — 244), may advantageously pre- 
cede and be connected with the subject of Loga- 
rithms. 

27. Let the doctrine of Simple and Quadratic 
Equations be taught, not n^erely in order to evince 
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their power as instruments of investigation! and to 
illustrate and impress the various ingenious^ and 
sometimes beautiful expedients^ by which their 
solution is effected ; but also with a prospective 
reference to the solution of equations in general. 
Showing, for example, 

(a.) How it happens that in such questions as 
No. 13, p. 182, before the simultaneous equations , 
there is another value of a;, besides the printed 
answer ; and why it at first escapes detection ? 

(6.) How, by the rules of elimination, the order 
of an equation may often be depressed. As at p. 
200, rule iv. ed. 11. 

(c.) How it happens that a quadratic cannot 
have more than two roots. 

(d.) How a quadratic, whose term with the 
square has a co-efBcient, as 7a?' + 4a? = 36, may 
be solved, without involving fractions, by the Indian 
method : and how that method may be just as ad- 
vantageously applied to cases in which the co-efifi- 
cient of a;' is 1, and that of x, any odd number; 
thus making the method universal. Which is 
clear manifestly from this : — Where ax' + 6a? = c, 
is an equation of which b is always odd, then 
4a* x' + 4iabx = 4ac, add V 

4a' a?* + 4aiia; + 6* = 4ac -f V , 



extract, then, &ax + 6 — ± >J4mc + 6* 

— 6 ± V 4ac + 6» . 


1 


ncncc, X - ^^ 


1 
1 
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(«•) HoW| finding all the roots of as* — a =. <>, 
x^ ^ a :=z 0, a^ ^ a :^ Of &c., tends to fiidlitate 
the general solution of equations ; and so with re- 
gard to many other particulars not here specified. 

(/.) How the second term of a quadratic equa- 
tion, X* ±: px zz q^ may be taken away, and thus 
reduced to a pure quadratic, after a manner ana- 
logous to that in which the second term in cubics 
is taken away, 

($r.) How it happens that such equations as 
%x — 2aj" + 4v^2x' — 8a» + 15 = 3 
X + ij x^ — 4 

though apparently quadratics, are, in fact, biqua- 
dratics, and have each four roots. 

28. It may also subserve the same purpose, as 
well as again illustrate the doctrine of limits, in 
another view of it, if the student be briefly taught 
the management of inequalities or inequations. 
[Not inserted in the Course for want of room.] 

Take this example : 

The double of a number diminished by 5 is 
greater than S5 ; and triple the number diminished 
by 7, is less than double the number increased by 
13. Required a number which will satisfy the 
conditions. 
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By the quest. 2^ — 5 > S5 
and So; — 7 < 2j; + 13 

H^nce, 2x > 30 .*. a; > 15 

also, 8a? — 2a? < 13 + 7 .•. a? < 20 

.'. 15 and 20 are the limits; and any number^ 
integral or fractional, between 15 and 20, will 
answer the conditions. [More of this class of 
questions are inserted in Bourdon's Algebra.] 

29. Let the nature and operations, by logarithms, 
be explained, as other matters, with specific refer- 
ence both to theory and practice. Comprehending 
thus in the lessons : — 

(a.) The fundamental principles. 

(b.) The characteristic differences of Napier's 
and Briggs's logarithms. 

(c.) The investigation of series for the computa- 
tion of logarithmic tables. 

{d.) The ready employment of tables carried to 
5, 6, 7, or more places of decimals ; as hinted at 
p. 253, vol. i. 

(e.) The practice of the several rules, and their 
use in the ordinary as well as the trigonometrical 
proportions, and in compound interest and an- 
nuities. 

(/.) The solution of exponential equations. 

(g.) The developement of one or more scientific 
reasons, why the difference between one log. and 

13 
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the succeeding log. is greater near the beginning 
than near the end of the table. As, for example, 
greater between log. of 100 and of lOl, than be- 
tween the logs, of 1000 and 1001, and still more 
than between those of 9000 and of 9001, 

(A.) The rule for ensuring accuracy in the results 
of Evolution by logs., when the number whose root 
is extracted is altogether decimal (note, p. 254), and 
the theoretical reason of that rule, 

30. With regard to Equations in general, al- 
though what is introduced between p. 208 and 
p. 239 is meant as a synopsis of what is most in- 
teresting and instructive in this department of 
analytical inquiry; yet even this portion must be 
studied with an especial view to the distinctioii 
between what is rudimental, subsidiary, and of 
restricted application, and what is more refined in 
its analysis, as well as universal in its use. Thus-^ 

(a.) With regard to Cardan's rule, let it be ex- 
plained, first, with a view to the preparation of 
the equation by taking away the second term, (a 
particular case of a general rule); then let the 
expedient for solving the transformed cubic be 
elucidated by examples, and the ingenuity of the 
peculiar assumption 

of X + y rz z 
and 3xy = -^ a 
be shown, by which the solution is effected. 
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Then let it be shewn how the sign of a, in the 
transfonned equation s^ ± az =: ±: b, determines 
the nature of the roots as to real and imaginary ; 
that of by the affection of the roots as to positive 
and negative ; how^ also, it is that Cardan's rule 
sometimes gives the greatest^ sometimes the middle^ 
sometimes the least, and not always the greatest 
root, as has been frequently thought : then, let the 
cases be adequately traced in which the solution by 
Cardan's rule takes an imaginary form (p, 212) ; 
and let the use of this rule, in determining 
under what conditions amongst the data of a 
problem a cubic equation, in its literal form, can 
have only one root ; and under what conditions it 
may have three roots ; such being now, in fact, the 
principal use of Cardan's method. 

(i.) Let Simpson's and other rules for biqua- 
dratics, be slightly glanced at, as supplying an 
interesting disideratum in the history of equations ; 
but not now dwelt upon. 

(e.) Let the method by Trial and Error be 
thoroughly illustrated and enforced, both in theory 
and practice, and the cases fully explained (see 
pp. 215, S56), in which this method may still be 
advantageously employed, notwithstanding the 
decided improvements made by Horner and 
Sturm. 
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(d.) Let this rule by trial-and-error be &rther 
exemplified^ subsequentlji in its connection with 
trigonometry and mensuration. As, for example, 

(1.) In determining the arc of a circular sector 

whose area is bisected by its chord. 

{Here, if^ denoted the arc, we should have 

or g^o = sm* 

assuming ^ = 90*^ and 120°, and working by logs, 
the first operation would give = 108° 30' nearly. 

Then assuming ^ = 108"^ 30' and 108° 35', the 
next approximation would be 108° 36' 13". 

A third double assumption of lp8° 36' 13" and 
108° 36' 14" would give the arc still nearer, if 
required : and a fourth would determine ^ =i 108° 
36' 13" 45"' 27"". 

This process is founded on the well-known pro- 
perty of trigonometrical lines and their logarithms, 
that in small alterations of the angles, or arcs, 
their differences are nearly as the differences of 
the angles themselves ; a supposition which is the 
more correct the smaller the changes are with 
respect to the angle.] 

(2.) A second example of the use of this method 
might be found in solving the inquiry, probably 
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paradoxical at first sight : Find the first four in the 
series of circular arcs which are equal in length to 
their tangents. 

[Euler s Analysis Infinitorum, cap. 22, would fur- 
nish other exercises for the leisure of students of 
active and persevering research; In ordinary cases 
the above, or perhaps the first of them, may suffice.] 

(e,) Let the student be conducted with especial 
care over the chapter on the composition and pro- 
perties of algebraic equations, until he thoroughly 
comprehend the manner of tracing the object and 
import of the permanencies and variations of the 
signs ; the manner of transforming equations into 
others whose roots shall have specified relations to 
the roots of a given equation ; the manner of pro- 
ceeding with equations known to have equal roots ; 
the relative <iharacter and value of the criteria of 
Maclaurin, Bret, De Gua, Sudan, and Fourier, in 
reference to the limits of the roots of equations ; 
then the method of finding the initial values, or first 
figures, of each of the roots ; which should be care- 
fully explained and enforced, as peculiarly useful 
in determining an essential point, in every method ; 
and lastly, Mr. Homer's elegant and strictly scien- 
tific, as well as highly practical method of resolving 
algebraic equations of all degrees; devoting full 
time and attention to the elucidation of his theo- 
retical processes. That method, in conjunction 
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with the researches of Sturm, which Mr, Spiller 
has recentlypresented to the British public, make 
a nearer approach to the complete solution of 
Equations, than all the labours of mathematicians 
during the eighteenth century?* See, also. Young 
on Equations. 

31. Although the algebraical and geometrical 
branches of study should be carried on simulta- 
neously by an appropriate adjustment of time, as 
already observed (art. 11), yet in these directions 
it is necessary to speak of them separately. 

3S. At the very outset of geometry, let the 
student be shewn the characteristic nature of geo- 
metrical demonstration; in which the agreement 
of the remote ideas in a specific case, or proposi- 
tion, is made manifest by the agreement of a train 
of intermediate ideas, each agreeing with the next 
to it, and all fixed by definitions, as well as con- 
nected with some manifestly sound principle, either 
axiomatic or previously demonstrated : let him be 
shown, also, why this kind of demonstration is far 
more convincing than any other ; and what is its 

^ I need not hesitate to refer here to Davies's Sobttiwu to tkt 
Quettiont in HuUon** Course of Mathematic*. It presents, in many 
respects, a very lucid commentary on the subjects, as well as a 
collection of neat and valuable solutions. See, for example, the 
copious information on Equations generally, and on Series, ftc, 
from p. 207 to p. 309, and in many other places. 
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advantage in giving firmness to the several links, 
as well as in marking the concatenation, and in 
giving stability and force to the progression of the 
reasoning in the entire course. (See arts. 3 and 
18, Treatises on Geometry.) 

33. Let him, also, be taught to distinguish be- 
tween the compact and concise announcements and 
proofs of geometrical propositions which are 
written and read mainly for practical purposes, 
and those which have a higher, and often an ex- 
clusively intellectual object ; and of these let him 
distinguish between such a system as Euclid's 
EleZ^, in which geometrica' truths are pre- 
sented, and each demonstrated, in an orderly 
logical series; and those works in which the ari or 
process of demonstration is exhibited and enforced : 
to distinguish, in other words, between the ade- 
quate recollection and clear comprehension of the 
successive propositions in a series, tracing their 
mutual dependence, and intellectual beauty; and 
that exhibition of geometrical research which con- 
verts it into an instrument of investigation ; by 
means of which, instead of always receiving propo- 
sitions demonstrated by others, and nothing more, 
the student is put in the way of using his otvn in^ 
struments, and investigating for himself .^ 

* In truth, notwithstanding the wonderful fecundity of the 
modern Anaiysis, Geometry may still put in a strong claim to the 
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34. To this end^ let him early be made to com- 
prehend the technical distinction of analysis and 

exjiibition of the best logic ; sincey while it teaches us to reason 
by the fittest examples, and employs the understanding in demon- 
strating the properties of invisible quantities, it represents those 
quantities visibly to the imagination, which it thus confirms, and 
as wonderfully generalizes the attributes of the peculiar magni- 
tudes with which it is conversant 

Let us, for a moment, speak of the general rules of method, and 
then describe briefly the method of geometers. 

In treating completely and adequately of any subject, (1.) There 
should be nothing either wanting or superfluous ; (2.) The parts 
must agree and adhere ; (3.) There should be nothing foreign to 
the subject ; (4.) The parts should be connected by apt transitions; 
(5.) That should precede in teaching, which is necessary towards 
the mental comprehension of what follows. 

Now good mathematicians use this method : — 

(1.) They define their terms, and use them always in the same 

sense. 

(2.) To their definitions, they join axioms, or self-evident truths, 
which they see will be useful in the progress of their reasoning. 

(3.) They next add postulates, which relate to practice. These 
are also self-evident, and therefore they may require them to be 
granted without proofl 

(4.) In the next place, they demonstrate propositions, as far as 
possible, affirmatively ; and make it an invariable rule to prove 
every thing from what has been already granted or demonstrated. 

Hence, the evidence compels our assent : and hence we gene- 
rally — ^universally, indeed, if the process be carefully conducted — 
avoid all danger of confounding the figure or diagram with the 
thing represented, or of assenting to obscure notions as though 
they were clear, — the fruitful source of all our errora. 
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synthesis. If we trace a magnitude or quantity 
from its known property^ (and we can only reason 
from what we know)> the method is that of analy- 
sis ; but if we trace a property from the kind of 
quantity or magnitude before us, the method is 
that o£ synthesis; and a mathematical demonstra- 
tion of either kind proves the connection between 
any quantity or magnitude and the property 
ascribed to it. (pp. 2, 3, vol. i,) 

It is often highly instructive to trace both the 
analysis and the synthesis of a proposition. The 
student should, after he has studied Euclid's first 
five books — if not, indeed, before — be conducted 
carefiilly over a few select propositions from pp. 
371—376, vol. i. of Hutton, and from Euclid's 
admirable book of Data, in R. Simson's edition. 

35. Let the student be at once told that 
Euclid's Elements are adopted as the text-book in 
plane geometry, because (notwithstanding several 
defects which should be carefully pointed out) of 
the conviction flowing from the separate demon- 
strations, as well as of the beauty and force of the 
l<^cal concatenation ; but, that Hutton's geometry 
of solids, and of intersecting planes, is often adopted 
in preference to Euclid's 11th and 12th books, not 
as being preferable in pbint of accuracy, but as 
presenting analogous truths in a more compendious 
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form^ and as being greatly improved in the last 
edition. 

36. In commencing a book of the Elements^ as 
the first for example^ let the separate character and 
object of definitions, postulates, and axioms, be 
clearly explained; let such of them as are unin- 
telligible, defective, or redundant, be pointed out 
and amended (not with a view to manifest or en- 
courage a spirit of hypercriticism, but to check the 
too frequent habit in youth of taking all, or nearly 
all, for granted, and to foster in them a determi- 
nation to examine every thing important with the 
closest scrutiny) : occasional illustrations of Sim- 
son's views, and of the master's, should be selected 
from the notes in the volume, or otherwise pre- 
sented. What are here given may suffice, perhaps, 
as specimens. 

(a.) Thus, let Simson's note to def. 1, book i., 
be read and carefully explained orally, in illustra- 
tion of some of the earlier definitions. 

(6.) With regard to def. 8, let it be observed, 
that it is not, in fact, a definition, but a theorem ; 
the requisite addition would be simply this : — " For, 
if not, let any part of the straight line lie out of 
the superficies, the superficies is then uneven; that 
is, it is not plane, which is contrary to the suppo- 
sition." 

(c.) Let it be remarked, also, that it is as de<p 
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sirable to have right angle and perpendicular (def. 
10)i in two distinct definitions^ as a circle and its 
diameter (def. IS, 17). It ought, farther, to be 
proved, that all right angles are equal to one 
another. 

{d*) Also, that def. 13 is needless, because a 
boundary is a temif and the phrase explains it- 
self. 

(e.) Let the imperfections in defs. 4, 13, 30, be 
pointed out, and removed. 

(/.) Let it be shewn that def. 19 of this book is 
the same as def, 6 of the third ; and that what is 
called an oblong (def. 31) is called a rectangle (def. 
1, book ii.), and that the latter is the best designa- 
tion. 

{g.) Let some of the defs. be fixed more firmly 
in the memory, by means of classification. As, 
for example, that triangles are divided into three 
varieties with respect to their sides, viz., equilateral, 
isosceles, and scalene ; and to three with respect to 
their angles, viz., right-angled, acute-angled, and 
obtuse-angled. 

(A.) Let the difference between the phrases, 
makes an angle, and, makes angles, be explained. 

(f.) Let not the difficulty relative to def. 35, and 
axiom 12, be evaded ; yet let it be assigned as a 
reason for not going through the whole of SImson*s 
elaborate note on prop. i. 29, and ax. 12, that in 

E 
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the 5th prop, of that note he takes for granted a 
particular case of the general proposition intended 
to be established. 

(k.) Let it be shown that the right^uigles men- 
tioned in ax. 11 9 are not restricted to the case of 
def. 10^ but mean remote as well as adfacent right- 
angles. See Cor. to prop. 11. 

37. On entering upon the enunciation of pro- 
positions, let Euclid's meaning, and some of his 
uses of the word giveUj be elucidated by referring 
to the definitions in the book of data. 

38. Let it be observed in reference to book i. 
(a.) That props. 2 and 3 have several cases; 

though they need not be dwelt upon. 

(6.) That prop. 4 involves new considerations, 
those of motion and supraposition : how can a 
plane triangle, according to the definition, be 
moved and laid upon another ? Or, can this con- 
sideration be avoided by another demonstration ? 
Can the difficulty be surmounted by meditating 
upon a prism, with two equal triangular bases, or 
ends? These are equal sutfaces, which may be 
brought into juxtaposition, by cutting the prism 
into two. 

(c.) Prop. 5 may be made plainer, by dissecting 
and separating the diagram into 3 or 5 ; or the 
demonstration may be otherwise conducted. 

The proposition, as to the first part, may be 
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proved by means of the 4th and the 13th, which 
last might have been demonstrated before the 5th. 
Or, drawing AI to bisect the angle BAC, then 
BA, AI, and angle BAI, are respectively equal 
to CA, AI, and angle CAI ; therefore, B = C, 
(th. 4), and CBD = BCE. 

To prove that the angles above the base are 
equal, Pappus proceeded thus : 

Let ABC, and ACB, be two 
isosceles triangles, whose sides are 
respectively equal. Conceive the 
two triangles to be coincident, 
or to be as one. (The imagi- 
nation will seize Pappuses thought at once, 
by conceiving the triangle ABC to be drawn 
on one face of a piece of transparent paper, 
and ACB to be seen on the other side of the 
transparent paper.) Then, because in the two 
triangles ABC, and ACB, AB is equal to AC, 
and AC to AB ; therefore, two sides of the one 
are equal to two sides of the other, each to each ; 
and the angle BAC is equal to the angle CAB, 
being in fact one and the same angle ; wherefore, 
by prop. 4, the base CB is equal to the base BC, 
the triangle BCA = CAB, &c., as in the pro- 
position. 

[d,) Prop. 6 has two cases in the demonstra- 
tion, and so have several others ; as, for example, 

eS 
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propositions 39 and 40 ; these should be noticed, 
and in one or two cases dwelt upon. 

(e.) The demonstration of prop. 8 does not 
prove it, for the angles do notfiU the same space. 
The defect arises from Dr. Smith's interpolation 
in the 8th axiom, L e, ^f that is, which exactly fill 
the same space." How, in the demonstration, is 
the 8th axiom employed? surely not in reference 
to filUng the same spacie ; angles do not bound 
space, and angles may be equal, ydthout an entire 
coincidence of their limiting lines. Farther, what 
is space, and where defined ? 

(/.) The construction of prop. 9 wants an ad- 
dition to the enunciation, to remove ambiguity. 
After, "join DE, and upon it describe," add, "on 
the side towards B and C." 

{g.) Prop, 11, the case, when the given point is 
at an extremity, as A, of the line, should also be 
constructed and demonstrated, by principles es- 
tablished previously to that proposition. 

Also, since it is by no means clear, whether 
axiom 11 is meant to refer to angles adjacent to 
the same perpendicular, (which are equal, def. 10,) 
or to those which are formed by different perpen- 
diculars, with different right lines ; the corollary 
to this 11th proposition, should be differently made 
out, thus : 
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For^ if it be possible, let 
the lines BC, and BD, have 
a common segment AB, 
and let BE be perpendicu- 
lar to ABC ; if it be also 
perpendicular to ABD, then 
the angles CBE, DBE, are equal (by axiom 11), 
which is absurd ; but if not, let BF be perpen- 
dicular to ABD; then the angles ABF, ABE, 
are equal, which also is absurd. 

(h.) Prop. SO admits of another and simpler 
demonstration, upon Euclid's previous principles. 

There is also a looseness in the phraseology of 
the construction, which often occurs in Simson's 
edition, and should as often be corrected. Instead 
of '' produce BA to the point D, and make AD 
equal to AC," it should be, " produce BA until 
its prolongation AD is equal to AC," &c. 

(».) Prop. 26, the phrases, " the base G C is 
equal to the base DF," — '* the base AH is equal 
to the base DF,'* are needless : a similar redun- 
dancy occurs in the demonstration of book i. 47, 
and in various other places. 

(k,) With regard to prop. 27, it may be asked, 
where are alternate angles defined? Observe also, 
that the lines AB, and CD, must be in the same 
plane; otherwise, the alternate angles might be 

e3 
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equal, and the lines might, or might not, be paral- 
lel ; as Proclus shows. 

(I.) Prop. 30: let the student be required to 
demonstrate the case, when EF is not between 
AB and CD, but exterior to one of them. 

(m.) Sometimes require 
the student to vary the 
demonstration of prop. 32, 
as suggested by this dia- 
gram. 

{n.) Prop. 40 : notice that the bases BC, EF, 
are supposed to be parts of one right line. 

(o.) Prop. 44: if BE partly coincided with B A, 
and Euclid does not prohibit such a position, the 
construction would not solve the problem. Far- 
ther, in tacitly supposing the parallelogram, made 
equal to the triangle C, to be transferred to AB, 
Euclid assumes a new postulate. 

After, " the same straight line with AB," add, 
^^ that is, in AB produced." 

(p.) Prop. 45 : the enunciation extends to any 
multilateral figure; the demonstration applies to 
the particular case of a qtuidrilateraL How may 
it be extended ? 
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Let ABCOND be the rectilinear figure; join 
DB, DC, CN. Thus, having made q KEML = 
ABCD, as in the ptop., apply LS = DCN, to the 
straight line LM, having an z. LMS = E ; then 
it may be proved, as before, that FL and LP are 
in the same straight line, as are also KM and MS ; 
also, that PS is parallel to FK, and, therefore, 
that FKSP is a D = ABCND. Applying, as 
before, another d PT = NCO, having angle 
PST = E, to the right line PS ; it may again be 
proved, that FS is a a = to ABCOND, and an 
c. FKT = E. And so on, for any number of 
sides. 

{g^ In such propositions as the 16th and 47th, 
where part of the demonstration is omitted, but its 
necessity suggested by the phrase, " in the same 
manner;" let the student be required to supply 
that part of the demonstration. 

(r.) Prop, 48 : It is assumed in the demonstra- 
tion, without proo^ that if DA =. AB, then DA» 
= AB'; and vice versd. Let both be demon- 
strated in a separate exercise. 

39. After the first book has been gone through, 

e4 
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let the student be subjected to the process of re- 
vision. 

{a.) By his expressing in writing, (probably en- 
tering it immediately above the definitions,) a very 
brief summary, in three or four lines only, of the 
principal contents of the book. 

(6.) By demonstrating, vivd voce, and promptly, 
any specified propositions contained in the book 
itself. This may most readily be done, by requir- 
ing demonstrations of the propositions referred to, 
in three or four of the later propositions ; as, for 
example, propositions 4, 14, 31, 41, referred to in 
proposition 47 ; and propositions 8 and 11, cited 
in prop. 48 ; but it is evident, that the proposi- 
tions, whose demonstrations shall thus be called 
for, must be much and often varied. 

{c.) By proposing some suitable exercises, whose 
constructions and proof may be drawn from pro- 
positions in the firsl book (see p. 831, vol. i.) 

(d.) By showing that certain propositions are 
the converse of certain other propositions, that is, 
as logicians express themselves, the subject of one 
is the predicate of the other, and vice versd; and 
that, contrary to what Emerson asserts, it is often, 
not *^ an idle waste of time to demonstrate the 
converse of a proposition." 

Exemplify this in a few cases; previously re- 
marking, that there are different kinds of converse 
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propositions^ of which the first and chief kind is, 
when that which was the thing supposed in the 
former proposition^ is the conclusion of the con- 
verse and second proposition; and contrariwise, 
that which was concluded in the first, is the thing 
supposed in the second* Thus, in theor. 2, or 
prop. 5, there are two conclusions ; the first, that 
the two angles at the base are equal ; the second, 
that the two angles under the base are equal ; while 
theor. 3, or prop. 6, is the converse of prop. 5, 
simply, as to the Jirst conclusion ; the second con- 
clusion has not its converse established in the 
ordinary demonstration of prop. 6, but requires an 
obvious modification of the former proof to com- 
prise it. So again, as BilUngsley long since re- 
marked, (a. d. 1570), though theor. 5, is the con- 
verse of theor. 4« it is not the principal kind of 
conversion ; " for it turneth not the whole suppo- 
sition into the conclusion, and the whole conclu- 
sion into the supposition." 

(d. 2.) The converse of prop. 15 is, if four right 
lines being drawn from one point make four 
angles, of which the two opposite angles are equal ; 
the two opposite lines shall constitute one right 
line. This proposition is demonstrated by Proclus 
and PeUtarius, 

{d, 8.) And again ; proposition 34 includes three 
distinct properties, involving the equality of the 

E 5 
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opposite sides, the equality of the angles, and the 
truth that either diameter divides the parallelogTam 
into two equal parts. Prochsy Fhissasy Pelitarius, 
have made out the converse of each of these cases. 

{d. 4.) These, and many other cases of converse 
propositions, often produce practical results of 
great value ; and are here simply alluded to, though 
briefly, because they serve to convince a student 
of acumen and research, v^ho will not satisfy him- 
self vnth gliding over the surface of things ; how 
admirable is the fecundity of even this region of 
truth, and what is the corresponding reward of 
those who do not rest satisfied vnth a hasty glance 
at what lies before them. 

Let it be observed, also, that converse and con- 
trary propositions are not to be confounded. Two 
propositions are contrary to one another, when one 
ajBirms what the other denies, or denies what it 
affirms. Thus, if it be affirmed, that three and 
four are seven, it is a contrary proposition that 
three and four are eight. 

(e,) Once more, vnth respect to the first book of 
the elements, notice that it, like most of those 
which follow, supplies various examples of the 
fecundity to which allusion has just been made, 
that almost creative power of generalizing, which so 
frequently appears in the researches of geometers. 
For example, in tracing the properties of triangles. 
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with regard to their sides and angles, taking of the 
six data three and three together, there will be 
found twenty combinations ; of which, prop. 4 in- 
volves threef while prop. 8 involves only one^ and 
prop. S6 nine ; the remaining 8ef)en have not &l}en 
under the contemplation of Euclid. The synopses 
of the data of triangles by Lawson^ Leyhowrn^ and 
Foflreyy have added very greatly to the rich varieties 
of this kind of classification. 

(A similar course, of greater or less extent, ac- 
cording to circumstances, may be adopted at the 
end of each book of the elements.) 

These and other matters, which might have been 
specified, but which will occiu: to the experienced 
teacher, are not verbal niceties, but are essential 
to scientific accuracy and perspicuity. Regarding 
them or neglecting them constitutes a main dis- 
tinction between logical, scientific instruction, and 
perfunctory lessons in which memory is substituted 
for the active investigating powers of intellect. 

40. The word rectangle often occurs in the 
enunciations and demonstrations of the second 
book; but in several editions of Simson, that 
word is not defined; when such is the case, let 
definition 1 be amended to run thus : 

** Every right-angled parallelogram is called a 
rectangle^ and is said to be contained by any two 

£6 
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of the straight lines which contain one of the right 
angles." 

(a.) In demonstrating the propositions of this 
book, students who have been allowed to employ 
Williams's symbolical Euclid, instead of Simson's, 
are very apt to use the algebraical terms jpiW, intOj 
&c., instead of the corresponding geometrical 
phrases together mth^ rectangle under j or rectangle 
contained by; let them be especially guarded 
against this loose, and ungeometrical mode of ex- 
pression, as it is calculated to fQl the mind with 
vague ideas. 

(6.) In the demonstration of prop. 4, instead of 

the sentence " for CG is parallel to BK,*' &c. 

down to " and CGKB is rectangular/* let this be 
substituted ; " for KBC is a right angle by con- 
struction, therefore, CGKB is rectangular (i. 46, 
cor.) " 

Several other propositions in this book may be 
demonstrated more simply, still retaining Euclid's 
manner. I shall briefly indicate the demonstra- 
tions of 2 or 3 of them, such as may be written on 
the margin of the book. 

(c.) Proposition 7. 

Because AB* = AC* + CB* + 2AC.CB (ii.4), 
and CB' = CB' 

.-. AB* + CB' = AC* + 2CB* + gAC.CB. 
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But CB' + AC.CB = AB.BC (ii. 3.) 

.-. 2CB' + 2AC.CB = 2AB.BC 

.-. AB* + CB* = 2AB.BC + AC^ 

(d.) Supposing it to have been proved in the 
demonstration of i. 48^ that when AE =: BD, then 
AE' = BD', then prop. 10 may be demonstrated 
thus: 

Produce CA to E, making AE = BD. 

Then, since DE is divided into two equal parts 
in Cy and into two unequal parts in A, we have 
DA' + AE' = 2DC' + 2CA' (ii. 9.) 

But, since AE = BD . • . BD' = AE' 
.-. AD' + BD' = 2 AC + 2CD*. 

(e.) The second case of prop. 13 may be proved 
by means of prop. 7, in the same words, exactly as 
the first case. 

(/.) Prop. 11 : either here, or at vi. 30; or, 
still better, at both, show the virtual agreement of 
both, and that the problem effected, is the 
cutting a line in extreme and mean ratio (vi. 
def. 3). 

{Note* The sections are incommensurable. If 
the whole were denoted by unity, the greater seg- 
ment would be -6180339 +.) 

41. In book iii. def. 6, as before observed, (art. 
36, b.) is the same as def. i. 19. 

In this book, let the following hints be attended 
to: viz. 

13 
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(a.) Let ''the angle in a segment/* and '' the angle 
of a, segment/' (defs. 7, 8), be carefully discriminated. 

(b.) In the props, whose demonstrations involve 
the reductio ad absurdum, such as props. 1, S, 4, 5, 
6, 10, 11, 12, &c. of this book, and 6, 7, of the first 
book, the student often meets with difficulty and 
perplexity in comprehending the diagram : let it be 
explained to him that the difficulty arises from 
supposing an impossibility possible, or in drawing 
a figure to suit an impossible case. Let, also, the 
precise character of this indirect demonstration be 
amply elucidated. 

[Let, also, the student be taught, in all cases, 
the value of a correct diagram, and in all demon- 
strations involving a construction, let the con- 
struction be actually effected.] 

(o.) Let it be remarked that the 11th def. of this 
book is lame, insomuch that it rests upon, or takes 
for granted the 21st prop., which is not yet demon- 
strated. 

{d.) Prop. 1. If the fictitious centre, G,be taken 
in the line CE, the demonstration given does not 
hold, for in that case no absurdity would follow. 
Let an adequate correction be supplied. 

(e.) Prop. 2 may be demonstrated as Comman- 
dine has done it, without a reductio ad absurdum, 
by simply assuming as an axiom that, if a point be 
taken nearer to the centre than the circumference is, 
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such point is within the circle : this is, evidently^ 
quite as much an axiom as what Euclid assumes, 
and it gets quit of the awkward diagram. 

(/•) Let the student be either informed, or re- 
quired to show (props. 3 and 4), why it is a condi- 
tion that the tines bisected must not pass through the 
centre : namely — ^because if both lines pass through 
the centre, they must bisect each other (def. i. 15), 
but may be any way inclined to each other. 

(ff.) Prop. 9. — This demonstration is essentially 
wrong, for, according to it, although D is not the 
centire BB = BA: Hence, any point whatever 
would appear to be the centre, the point F in prop. 
7, for example, which possesses this property. 

It may be demonstrated thus : For from any 
point which is not the centre, only two equal straight 
lines can be drawn to the circumference (iii. 7) ; and 
therefore a point from which more than two equal 
straight lines can be drawn to the circumference 
cannot be any other than the centre. Therefore, 
&c. 

(&.) Prop. 11 is incorrectly enunciated ; it should 
be, '^ if one circle touch another circle internally,'* 
they evidently cannot touch each other internally. 

(«•) Prop. 14 has the same defect in its demon- 
stration that was noticed in i. 48. 

(k.) There is an illegitimate assumption in the 
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demonstration of prop. 20, which should be re- 
moved. 

It takes for granted a particular case of Euc. v. 5. 
What has been usually acquiesced in is, that, '^if a 
magnitude be double of another, and if a part 
taken from the first be d6uble of a part taken from 
the second, the remainder of the first shall be double 
of the remainder of the second." 

Let AB be double of CD, and let AE, a part of 
AB, be double of CF, a part of 
CD, EB, the remainder of AB, ^ 
shall be double of FD, the re- 
mainder of CD. ^+ 



»j. 




About the centre C with the 
radius CF, describe the circle 
FKG; produce FC to G, FC and 
CG, that is FG is double of FC (def. 16); but 
AE is double of FC, therefore FG is equal to AE 
(ax. 6). Again, about the cen tre D, with the radius 
DF, describe the circle FLH, and produce CFD to 
H ; FD, DH, that is FH, is double to FD (def. 15). 
And, because CFis equal to CG, and DF toDH, 
CF and DF taken together are equal to CG and 
DH taken together (ax. 2) ; that is, CD is equal 
to CG and DH, and CD, CG, DH, that is GH is 
double of CD. But AB is double of CD ; there- 
fore GH is equal to AB (ax. 6) ; and GF has been 
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proved to be equal to AE^ therefore FH shall be 
equal to EB (ax. 3) ; but FH has been proved to be 
double of FD, therefore EB shall be double of FD. 
Therefore ^' if a magnitude be double of another/' 

Thati ** if two magnitudes be double of two 
others, each of each^ the sum and difference of the 
first two are respectively double of the sum and 
difference of the other two/* is thus shown by 
Playfair in his later editions : — Let A and B, C 
and D, be four magnitudes, such that A = 2C 
and B = 2D ; then A + B = 2(C + D). For, 
since A = C + C, and B = D + D, adding equals 
to equals, A + B =: (C + D) + (C + D) = 2(C 
+ D). So again, if A be greater than B, and there- 
fore C greater than D, since A = C + C and B 
=: D + D, taking equals from equals, A — B = 
(C-.D)+(C-.D),thatis,A- B = 2(C - D). 

(/.) The second case of prop. 21 is more simply 
proved in Billingsley's Euclid, published in the 
reign of queen Elizabeth, than in Simson's edition. 
Thus- 
Put I at the intersection of the lines AD and 
BE ; then ABE = ADE (by the first case of the 
proposition), AIB = EID (by i. 15) .-. BAD = 
BED (i. 82). 

(m.) The demonstration of prop. 26 is inappli- 
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cable to the case in which the angles A and D are 
right angles. 

The difficulty may be obviated, however, by bi- 
secting those angles: their halves are equal, and 
•*• the arcs on which they stand are equal. 

(n.) Prop. 81 admits of a simpler demonstration, 
thus: 

Braw the diameter AEG. 

By prop. 20, BEG = 2BAG, GEC :^ 2GAC 
.•. BEG + GEC = 2 right angles = 2 BAG 

•*. BAG = 1 right angle. 
B + A + C = 2 right angles (i. 32) 

.*. ABG < 1 right angle. 

•*. angle in a segment > a semicircle is < aright 
angle. 

Draw BD, then angle BAD > BAG > 1 right 
angle .-. angle in a segment < than a semicircle is 
> 1 right angle. 

[The converse of the first part of this proposition 
is assumed in Newton's 11th Lemma, Principia. It 
may sometimes be given as an exercise for demon- 
stration.] 

(o.) The addition to this Slst proposition, be- 
ginning, " Besides it is manifest,** and ending *Mess 
than a right angle," only tends to embarrass the 
student, and had better be omitted. 
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(p.) By means of props. 35 and 36, the geometri- 
cal construction of the three ordinary forms of 
affected quadratic equations, are usually accom- 
plished: as may easily be explained here to an 
intelligent pupil. 

42. In going through the fourth book, the differ- 
ence between such demonstrations as are subser- 
vient to the purposes of pure geometry, and those 
which facilitate the objects of practical geometry, 
should be duly explained, as may easily be done by 
directing the attention of the student to a few of 
the demonstrations and practical constructions in 
vol. i. of the Course, pp. 354 — 371. The refer- 
ences, however, need only be cursory. Occasion 
may, also, be taken of such references, to show 
that some of the rules for constructing regular 
polygons in the ordinary books of practical geome- 
try, are either erroneous, or loosely approximative. 

It may, moreover, be well to inform an intelli- 
gent» investigating cadet, or other student, that the 
power of geometry in the construction of regular 
polygons has been carried beyond that of twelve 
sides; and that the septemdecagon, or 17-sided 
polygon especially, has been the subject of some 
elegant and successful researches by Gauss^ Lowry, 
and others ; and that those of Gauss, in particular, 
were effected before he was 18 years of age. 



92 HINTS IN BEFERENCE TO EUCLID lY. 

A very few remarks, in reference to the 4th 
booky are subjoined, 

(a.) It ought to be proved in the demonstration 
of prop. 3, that the tangents to the circle meet 
at My Ny L ; in that of prop. 5, that ^^ lines which 
are at right angles to parallel lines are also parallel ;** 
in that of prop. 7, that the tangents meet at the 
points F, G, Hy K ; and in that of prop. 12, that 
CK, BK, meet at K, &c. 

The method of proof is very easy, and should be 
supplied. For example, in the figure of prop. 12, 
join BC ; then, because FCK, FBK, are both right 
angles, the angles KCB, KBC, which are respect- 
ively parts of them, are each less than a right aogle, 
and are, therefore, together, less than two right 
angles: consequently (ax. 12) CK, BK, will meet 
The same kind of reasoning applies to LM, KL, 
and MG, &c. 

(6.) Let the corollary to prop. 5 of this book be 
cancelled : it is already demonstrated in iii. SI, and 
therefore need not have been placed here. 

(c.) In the demonstration of prop. 15, let the 
words, ^* the angles at the base of an isosceles tri- 
angle are equal to one another ; and," be omitted ; 
they are superfluous. 

43. Much that will be proper to remark in con- 
nection witii the 5th Book has been anticipated in 
an early part of these observations, when explain- 
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ing my views as to the best method of teaching the 
doctrine of proportion. (See arts. 18, 19, ^y a 
to w.) 

To complete the subject, a few more remarks 
may, however, be given here. 

(a.) A definition of equimultiples should have 
been given in this book. Let one be suppHed in 
the margin, as below. 

^' Equimultiples of magnitudes are multiples that 
contain them respectively the same number of 
times.'* 

(6.) Def. 8 had better be modified. What is the 
meaning of the similitude of ratios ? If A Z B = 
C I D» there is an equality of ratios; and, since 
similitude can here signify nothing but equality, 
the term is objectionable. 

(c.) No portion of Euclid's Elements has been 
so much vitiated and injured by unskilful editors 
as this 5th book; and it is a portion on which 
Simson's. systematizing labours have been less 
than usually successful. I shall here simply pre- 
sent two concise and satisfactory demonstrations, 
in place of the tedious ones retained by Simson. 

(rf.) Prop. 18. 

Because AE : EB : : CF : FD. 

By alternation, AE : CF : : EB : FD ' 
(v. 16). 

And, as one of the antecedents I to its b^ 
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consequent I I all the antecedents ! all the con- 
sequents (v. 12.) That is, AE -f EB : CF + 
FD : : EB ; FD ; and by alternation, AB : EB 

: : CD : fd(v,16). 

(This may be substituted for nearly two pages, 
in Simson^s edition.) 

{e.) Prop. 20. — ^The second part of this demon- 
stration is not in the Greek. 

This theorem is of no other use than to assist in 
the demonstration of prop. 22. But that proposi- 
tion is below done more concisely and easily with- 
out it, and, in fact, six demonstrations comprised 
in one. 

(/•) Prop. 22 may be demonstrated thus: — 
Since A : B I : D : E, by alternation, A : D 
: : B : E (v. 16). Also, since B ; C I : E : F, 
by alternation, B : E I : C : F. 

But ratios that are the same to the same ratio, 
are the same to one another (v. 11). •*. A : D 
: : C : F, and by alternation, a : C : : D : F. 
And, if the number of magnitudes be greater than 
3, we may proceed in the same way with the first, 
third, and fourth magnitudes of each series, as with 
the first, second, and third; and so on to any 
number of magnitudes whatever. Therefore, if 
there be any number of magnitudes, &c., as in the 
proposition. 

(ff,) Let the distinction between commensurable 

5 
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and incommensurable quantities be now carefully 
and thoroughly explained, if not done earlier. 

[Quantities are commensurablewhen a third can be 
found which divides each of them without a remain- 
der^ as 6, S4, 9 ; their common measure being 3. 

Quantities are incommensurable^ when there is 
no finite quantity that divides or measures each of 
of them exactly: ^/6, is/11, or 2,>/5, is/7, &c. 

But >/6, ^/24fy >/9, are commensurable^ ^/S 
being their common measure. 

The side and the diagonal of a square are income 
mensurable, (See art. 20, w. (5.) 

If the geometrical process for finding a common 
measure of two lines never terminates, the lines 
are incommensurable.] 

(A.) To find the numerical ratio of two given 
straight lines, AB, CD, those lines being supposed 
to have a common measure. 

From the greater AB cut off a part 
equal to the less CD, as many times as 
possible; for example, twice, with the 
remainder BE. 



From the line CD cut off a part equal 
to a remainder of the remainder BE, as 
many times as possible ; once, for ex- 
ample, vdth the remainder DF. 

From the first remainder, BE, cut off » 
a part equal to the second DF, as many 
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times as possible; once, for example, with the re- 
mainder BG. 

From the second remainder DF, cut off a part 
equal to BG the third, as many times as possible. 

Continue this process till a remainder occur 
which is contained exactly a certain number of 
times in the preceding one. 

Then this last remainder will be the common 
measure of the proposed lines ; and, regarding it as 
unity, we shall easily find the values of the pre- 
ceding remainders, and at last two of the proposed 
lines ; and hence their ratio in numbers. 

Suppose, for instance, we find GB to be con- 
tained exactly twice in FD, BG will be the com- 
mon measure of the two proposed lines. Put BG 
= 1, we shall have FD = 2; but EB contains 
FD once, plus GB ; therefore we have EB = 3 : 
CD contains EB once, pltts FD ; therefore we have 
CD = 5 ; and lastly, AB contains CD twice, plus 
EB ; therefore we have AB = 13. Hence, in this 
case the ratio of lines is that of 13 to 15. If the 
line CD were taken for unity, the line AB would 
be ^^^ ; if AB were taken for unity, CD would 

The method just explained is evidently the 
same as employed in arithmetic to find the com- 
mon divisor of two numbers (art. 21, k. L &c.) ; 
and how far soever the operation be continued, it 
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is possible that no remainder be ever found which 
shall be contained an exact number of times in the 
preceding one ; when this happens, the two lines 
have no common measure^ and are said to be iip* 
commensurable. 

We may now proceed to show that the diagonal 
and the side of A square are incommensurable ; 
and, as the inquiry is instructive, show it two dif- 
ferent ways.^ 

Let ABC be the half of a square, the side AB 
and diagonal AC are incommensurable. 

Since the angle at B is a right angle, each of the 
equal angles at C and A is less than a right angle 
(I. 33) ; therefore AB < AC. 
Again, AB + BC > AC 
(1. 20), or 2AB A AC ; hence 
AC is greater than once AB, 
and less than twice AB ; and 
the same may be proved of 
the diagonal and side of any 
square. Therefore, when the side of a square is 
taken once from its diagonal, there is always a re- 
mainder less than its side. 

From C as a centre, with the radius CB, describe 
the arc DB; then CD = CB = AB, and AD < 
AB. From D draw DE perpendicular to AC; 
then ED and EB being tangents (III. 16, CorO> 
ED = EB (III. 37). But in the triangle ADE, 
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the angle at D is a right angle, and that at A is 
half a light angle; therefore that at £ is half a 
right angle, and therefore AD = DE =: EB. 
When the first remainder AD therefore is taken 
from AB9 the remaining part AE, from which AD 
is still to be taken, is the diagonal of a square^ of 
which AD is the side. But this is the same as the 
former process; and when it has been performed in 
regard to AE and AD, the remaining lines to be 
compared will, therefore, again be the side and dia- 
gonal of a still smaller square : but since, when the 
side of a square is taken from its diagonal, there is 
a remainder, therefore in the above process there 
will always be found to be a -remainder ; the process 
therefore will never terminate, or no common 
measure can ever be found ; ther^ore AC and AB 
are incommensurable. 

Mr. Garretfs method is this. In which it is 
shown, that though the successive remainders con* 
tinually diminish, they still represent the sides of 
newly generated squares, and retain all the proper* 
ties of the original which was proposed for investi- 
gation. 



IKCOMMENSURABLES. 



99 




Let ABCD be 
a square, AB one 
of its sideSi AC 
its diagonal : AB 
aBd AC are in- 
commensurable. 

The side AB is 
less than the di- 
agonal (i. 19.), and 
greater than half 
the diagonal (i. 
20,) ; consequently, the side of a square cannot 
measure its diagonal. 

From the diagonal AC cut off the part CE, 
equal to the side AB, or BC (i* 3.) ; join BE, and 
from the point E, draw EF perpendicular to AC 

(i.ii.) 

The angles CEF, CBF, are equal, each being a 
right angle ; the angles CEB, and CB£, are equal 
(i. 5) ; therefore, the angles FEB, and FBE, are 
equal (i. axiom 3) ; and, therefore, FE is equal to. 
FB, (i. 6.) 

Because, FEA is a right angle, and EAF half 
a right angle ; EF A must be equal to half a right 
angle (i. S».), and AE equal to EF (i. 6.), and 
consequently to BF, which is equal to FE. 

f2 
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Complete the second square AEFG (i. 46.)» and 
make FH equal to AE or BF (i. 8.) 

Since AE is less than AF, and greater than half 
AF, as was shown above^ the excess AE, of the 
diagonal AC, above the side AB of the original 
square cannot measure the side AB, but may be 
taken twice from the side AB, leaving a remainder 
AH less than AE. 

From the point H, draw Hn perpendicular to 
AF, (i. II.), and complete the third square AHnm 
(i. 46.) 

The excess AH of the diagonal AF, of the 
second square, above its side AE, may be taken 
twice from the side AE, with a remainder Ao. 

From the point o, draw os perpendicular to the 
diagonal An, (i. 11.) and complete the fourth 
square AksOf (i. 46.) 

The excess Ao of the diagonal An, above the 
side AH, of the third square, may be taken twice 
from the side AH, leaving a fourth remainder Ar. 

By constructing a fifth square, as above, on Ar, 
it can be shown again, that this excess is contained 
twice in the last, with an analogous remainder. 

And thus, if the operation be continued, will the 
same rela,tions be incessantly produced, in such 
manner, that, although the successive remainders, 
AE, AH, Ao, Ar, &c., constantly decrease, and 
rapidly converge, yet the process of resolution, or 
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decomposition^ must be iaterminate. For, since 
the side of any square cannot measure its diagonal, 
neither can the excess of the diagonal above the 
side measure the side ; therefore, no common mea^ 
sure of the side and diagonal can be obtained ; or, 
in other words, they are incommensurable. 

See another proof in Ivory's Euclid, Incpmmen- 
surables, props. 3, 4. 

The impossibility of finding numbers to express 
the exact ratio of the diagonal to the side of a 
square, has now been proved ; but an approxima- 
tion may be made to it as near as we please, by 
means of the continued fraction, which is equal to 
that ratio. The fraction is 



1 +i 



i 

* + &c. to infinity. 



This fraction is nearly 41 : 29, or a nearer ap- 
proximation is 10 ; 6*9897. 

It will be well fix)m the above to impress upon 
the student's mind that it would be useless to 
attempt to express accurately by numbers the side 
and diagonal of a square ; and the attempt to give 
accurate numerical values to the segments of a line 
divided in extreme and mean proportion would be 
equally fruitless. We are tlius furnished with deci- 
sive evidence of the insufficiency of numbers, to 

f3 



102 HINTS AS TO FIFTH BOOK, 

answer rigorously o/Z the demands ofgeometrj* We 
cannot^ for instance, take upon ourselves to assert 
thatany two lines thatmaj be chosen at random^shall 
be susceptible of accurate numerical representation, 
without first inquiring, whether these lines are 
commensurable or not ; since, for ought we know 
to the contrary, one of the proposed lines may be 
equal to the side, and the other to the diagonal of 
the same square ; or the two lines may be the 
segments of a third line divided in extreme and 
mean proportion ; in either of which cases an accu- 
rate numerical representation of the two lines is 
demonstrably impossible. The diagonal of a square 
is more than 1414S1, and less than 141422 parts, 
when the side is 100000 of the same parts; 
and, when a whole line of 1000000000 is cut by 
medial section, the greater segment is more than 
618033988, and less than 618033989 of these 
parts. 

44. The sixth book of Euclid, which treats of 
the sides and areas of certain rectilinear figures, 
and contains the investigation of lines that have a 
proposed ratio to given lines, is of great value to 
the mathematician. 

(a.) This book commences with a definition, the 
elucidatory diagrams to which should be amended. 
The diagrams are simply triangles, whereas the 
definition refers to multilaterals, (i. e*) to figures of 
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4y 5^ or more sides, as well as to triangles. (See 
also, pr. 21, 22, 25, 31, in the latter of which, the 
similar figures in the diagram are rectangles.) 

Let the diagrams be modified accordingly. 

Let the student, also, be required to prove that 
quadrilateral, or multilateral figures, may be equi- 
angular, and yet not similar. In truth, the defini- 
tion would be better thus: similar rectilinear 
figures of more than three sides, are those which 
may be divided into an equal number of similar 
triangles, similarly situated. 





The angles A, B, C, D, E, in the first of these 
diagrams, may be respectively equal to a, b, c, d, ^, 
in the second; and yet, the figures are evidently 

not similar. 

Let it be shown, either by the construction of 
Prob. 47, p. 368, or by some other of the methods, 
well known to the experienced preceptor, how to 
effect a precise similarity, agreeably to the defini- 
tion. 
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(6.) In the demonstration of prop. I, which is 
an elegant application of the principle of def. 5, 
book V. After the words '' point A to BDj" add, 
" or BD produced." 

(c.) To complete the logical series of proposi- 
tions in this bookf it should have been shown that 
triangles and parallelograms, having equal bases, 
are to each other as their altitudes. The omission 
may be correctly supplied by means of Theor. 80, 
p. S23f voh i. of the Course. 

(d.) Propositions 14, 15. The present demon- 
stration of prop. 15, which is often perplexing to 
learners, may altogether be superseded by a slight 
modification of the demonstration of prop. 14. 

Join DF, FE, EG, by right lines ; then substi- 
tuting the triangles DBF, FBE, EBC, for the 
parallelograms AB, FE, BC, in the demonstration 
of prop. 14, it serves throughout for the demon- 
stration of prop. 15. 

(e.) Proposition 18. What is similarly situated? 
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And is position an essential condition i^ the con* 
struction ? 

(/.) Propositions 28^ 29, need not perhaps be 
dwelt ujpon, now; but the student should be in- 
formed that they were absolutely necessary to 
the ancients, that they might effect geometrical 
operations, analogous to the algebraic solution of 
quadratics : — 

Prop. 28, of such as x* — ax + ml zn o : 

Prop. 29, 9? ^ ax '-^ ml zz 0. 

{g.) Prop. 25, is the same as the problem an- 
nexed to prop. 60 of the data. Let the student 
be required to compare them, and decide which of 
the demonstrations is to be preferred. (See also, 
Simson's note to prop. 25, of this sixth bqok.) 

(A,) The enunciation of prop. 32, and of part of 
the demonstration, is vague : — the first defect may 
be removed, by adding to ** one another" in the 
proposition, the words '' and so that the sides that 
are not homologous, form the angle at which they 
are placed ;" — ^and the second, by annexing to the 
words " let AB be parallel to DC, and AC to DE,'* 
the following, ** and AC, CD, the sides not homo- 
logous from the angle ACD.'* 
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[Here the homolo- 
gous sides AB, DC, 
are parallel; but the 
other sides do not 
form a right line.] 

(i.) Let prop. 33 
be studied with the prospective reference to the 
measure of areas and angles, already alluded to, 
art. 9 : and let the value of propositions B, C, D, 
in trigonometrical researches be carefully {Pointed 
out. 

45. On passing from the plane geometry, to 
that of solids and of intersecting planes, let not 
only the reason for the transition from Euclid to 
Hutton be assigned (see art. 35) ; but the essen- 
tial difference between the two methods, when ap- 
plied to the capacities of solid bodies, be amply 
stated and elucidated. 

Euclid's method is that of exhaustions, of which 
a beautiful example at the very commencement of 
Book xii., should be explained. 

The method adopted by Hutton, is that of indi- 
visiblesy invented by Cavalerius : its most elegant 
application is to Theor. 122; of which, however, 
the logical defects should be pointed. out. 

46. In the demonstration of Theor. 114, the 
student should be required to examine, with a view 
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to its application to the case in hand, the princi- 
ple of the notes at pages 319, 322 (or Theor. 67, 
79) ; and he must not be permitted to quit that 
proposition, until the master is satisfied that he 
has seized and comprehended the principle un- 
folded in the notes cited, so as to be able to apply 
them to all analogous cases. 

47. In order that the comprehension of this part 
of geometry maybe &cilitated, the master should 
avail himself of models of intersecting planes, and 
of different solids; constructed of wire, paste- 
board, wood, or metal, as may best suit the several 
cases* 

48. Before the student passes from the study of 
the geometrical portions of the Course, and the 
Elements of Euclid, let him, that he may complete 
his summary of the latter, be informed of what the 
remaining books mainly consist. 

(a.) The 7th book contains 41 propositions. 
The 8th, 27, The 9th, 36. 

In the 7th book, proportion is defined as it re- 
gards commensurable quantities ; and, in that re- 
stricted sense, applied with some adventitious aid, 
in the 7th, 8th, and 9th books, to investigate the 
properties of odd, even, prime, composite, plane, 
soUd, square, cubic, perfect, and imperfect num- 
bers. 

The 10th book contains 117 propositions, in 

f6 
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which are announced and contrasted^ the proper- 
ties of commensurable, and incommensurable, 
rational and Irrational quantities ; and furthei: in- 
vestigated several properties of their roots and 
powers. 

The 11th and 12th books are in Simson's edi- 
tions ; and need not be here described. 

The 13th book comprises 18 propositions. , The 
14th, eight. The 15th, five. They relate to the 
higher, and in some respects connected and de^ 
pendent properties of circles, polygons, and the five 
regular bodies. 

Flussas and others, as Sir Heniy Billingsley in 
his edition before-mentioned (art. 41, k,), present 
supplementary disquisitions, on many subjects 
which were of great interest when the whole of 
mathematical knowledge related principally to 
geometry, but which have naturally diminished in 
importance and interest, as this department of in- 
tellectual inquiry has more widely diffused itself. 

49. The subject of Trigonometry is usually di- 
vided into two branches ; ordinary and analytical. 
The first comprehending the solution of triangles ; 
the second, while it also comprehends that, is ex- 
tended greatly farther, to the investigation of the 
numberless properties of arcs, angles, and linear 
angular quantities, whether in their separate or 
complex relations. 
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[This extended application of the term, furnishes 
another example of the manner in which enlarge- 
ments of the field of knowledge occasion modifica- 
tions in the use of terms. 

Modem Algebra presents one of these, in the 
extension given to the meaning of the word {addi- 
tion. (See dote, p. 116, vol. i. Edition 11.) 

Geometry presents another, even in its very 
designation: for the term geometry, when first 
used, simply implied the measure of the earth ; or 
rather, of the portions of land in Egypt, which 
were rendered doubtful by the periodical inunda- 
tions of the Nile, which often swept away the 
land-marks. 

By a like modification, the word trigonometry, 
which first denoted the measure of triangles, and 
their several parts, now includes the investigation 
of magnitude in a state of alternating increase an4 
decrease, or of periodic magnitude, (art. xx. 5.) 

50. The trigonometry, in vol. i. of the Course, 
is confined principally to the solution of triangles, 
and its practical application to the important sub- 
ject of the determination of heights and distances. 
It should be taught — 

(a.) So as to ensure to the student a thorough 
comprehension of the several demonstrations and 
investigations. 

(&.) So that he may acquire facility and correct- 
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nesd in the logarithmic and other operations. 
With respect to which, the tables of verification, 
both with regard to plane triangles and spherical 
triangles, at the end, may enable the instructor 
to vary the cases to the utmost variety, and with 
the answers before him. 

(c.) So that he may exemplify the relative ad- 
vantages and disadvantages of log. tables, carried 
to 5, 6, 7, or more, places of decimals, and to what 
extent, and on what occasions, even 5 places may 
be safely employed. 

(d.) So as to show that in some cases, and in 
what, the arithmetical operations, by natural sines, 
tangents, and secants, may arrive at the result re- 
quired, quicker than by the logarithms. 

{e.) With such attention to accuracy of con- 
struction, that the diagram, drawn previously to 
the computation, may point out when the result is 
ambiguous, and mark the character of the am- 
biguity; as in the case of example 3, and 4, 
p. 394, 

(/.) So as to bear in memory for prompt recol- 
lection, (art. 6.) the most useful trigonometrical 
formulae, (p. 401 — 405). 

[In the 29th, it will be well to deduce the same 
simple proportions for the logarithmic operations, 
both from a geometrical and an analytical process ; 
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that their respective powers in such researches 
may be compared. 

The student may be also referred to some of the 
analytical solutions, of problems in heights and 
distances, in the Snd volume.] 

He will again often find it very useful, in ex- 
tending his knowledge of trigonometrical trans- 
formations, to become familiar with Buck's table of 
trigonometrical multiplication and division, inserted 
in the supplementary tables of this volume ; and 
so, as opportunity serves, to go carefully over the 
analytical trigonometry in the Snd volume, and the 
application of trigonometry to the solutions of 
equations, in the appendix to Mr. Hind's neat 
work, on the *' Elements of Trigonometry.** Some 
simple problems, for preliminary trials, may be 
easily chosen by the preceptor. 
For example : 

In a plane triangle, given that 

b n a sin. C, c = a cos. B. 

Find its angles. 
Multiply the second given equation by Sc, 

then 2c^ = 2ac cos. B ; 

but in all triangles 6* = a' + c' — 2ac cos. B, 

hence by addition 6* + c* = a*; 
and, therefore, the triangle, is right-angled, a being 
the hypothenuse ; then A = 90", 

and B -f C = 90^ 
13 
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consequently, sin. C =: cos. B, 
or ^ = -j^, and b "=: c ; 
or the triangle is isosceles, and B = C = 4>5*. 
To gain expertness in such tiansformations, 
another pupil may be required to furnish i^ differ* 
ent solution : For example, 

c •=. a COS. B ; 
therefore, o = 6 cos. A, or cos. A = o,and A = ^, 
Similarly, 6 = a cos. C + c cos. A 

=: a COS. C, since A = ^ir, 
= a sin. C, by the question ; 
then sin. c =: cos. C, and C =: |ir« 
Lastly, B = IT - (A + C) = IT — fir = Jx, 
and the triangle is right-angled and isosceles. 

51. Although analytical trigonometry, and its 
principal applications, will usually be referred to 
the instructions of one of the higher mathematical 
masters ; yet, it will not be amiss, with the proS" 
pective reference which I have more than once 
characterised as highly valuable in intellectual 
instruction, for the masters in the lower rooms, to 
give to an intelligent pupil, in his course through 
the ordinary trigonometry, some sudb illustrations 
of the nature of periodic magnitude, as linear 
angular quantities, or the trigonometrical functions, 
sin., COS., tan., cot., &c. most naturally supply. 

*' Taking the primary idea (says Mr. De Mor-» 
gan,) of quantity, alternately increasing and de- 

13 
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creasing, it is obviously of fundamental importancei 
to detect a proper method of measurement. The 
circle presents itself for the purpose, in the follow- 
ing way. Conceiving a periodic change of magni* 
tttde to run through its whole cycle in a given 
time, let a point revolve uniformly round a circle 
in the same time, starting from the end of a fixed 
diameter. The height of the point above the 
diameter is a periodic magnitude, which goes 
through all its changes in the same time as the 
given magnitude; and it is, in fact, one of the 
great objects of the higher trigonometry, to express 
periodic variation, whose law is known in any way 
by means of this simple species of variation." 

It is evidently from geometrical magnitudes alone 
that we can select those which are necessarily 
periodic, and altogether exclusive of indefinite in- 
crease : the specific idea is conveyed in the term 
direction ; and the consideration of varying direc- 
tion (as in ab, a!V^ q!'V\ &c. 
referred to the fixed position 
AB), and consequently of 
periodic magnitude, consti- 
tutes the connecting links of 
geometry with physics, a 
connection which has been indissolubly established 
principally by the successive and rapid improve- 
ments in analytical trigonometry. 
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■ 53. It may serve as a powerful stimulus to an 
intelligent cadet, to be informed that the most im- 
portant step in the trigonometrical analysis was 
made 80 years ago, by T. Simpson, then professor of 
mathematics in this institution ; that step, I mean, 
which, instead of representing the sine, co-sine, 
tangent, oo« tangent, &c., of any and every arc or 
angle by a separate letter, avoided that source of 
perplexity and embarrassment altogether, by using 
the abbreviations, sin. A, cos. A, tan. C, cos. 2 B, 
COS. 4 B, cos. (P — Q), &c.^ ; and farther, that, in 
consequence of this beautiful &cilitating process, 
he made the first step, after Newton, in the series 
of discoveries in physical astronomy, which has 
been followed up so admirably by ^^mott/ft, Euler, 
Frisif Lagrange, and Laplace. 

Simpson, in his researches into that part of the 
celestial physics which relates to the moon, having 
shown that no terms enter into the equation of the 
orbit but what are expressible by the cosine of an 
arc or the cosines of its multiples, and, therefore, 
that no terms enter that equation but what, by a 
regular increase and decrease, return to their former 

^ This elegant and valuable improvement is often ascribed to 
Eulert (see Dean Peacock's " Report on Certain Branches of Analy- 
sis/' ** Report to the Third Meeting of the British Association/* 
p. 289) ; but it is certainly due to Simpson, and claims a priority 
of many years. 
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values; immediately infers irrefragably, that all 
the variations in the motions of that body are 
only so many oscillations between certain limits, 
and therefore, ** that the moon's mean motion, and 
the greatest quantities of the several equations, 
undergo no change from gravity." (Miscellaneous 
Tracts, published in 1757.) This may occasionally 
be enforced as a remarkable proof of the advantages 
which may flow from a simplification of notation. 

53. On passing to the subject of mensuration, 
and its practical applications (pp. 414 — 432, 453— 
468), the first object should be to give a firm root 
to the persuasion that the connection between pro- 
ducts in numbers and the areas of rectangles in 
geometry does not repose upon a bare and loose 
analogy, but upon scientific principle. Perhaps, 
therefore, it will be advisable, instead of allowing 
the student to rest satisfied with the note at 
p. 415, or the corollaries to Theor. 81, Geom. 
(p. 324), there referred to, to require him to take 
a closer view of the matter. Let him, for ex* 
ample, study the subjoined four propositions (a), 
(4), (c), id). 

Rectangles are to each other as the produeU 
of the numerical measures of their bases and alti* 
tudes. 
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Let AC, ac, be two 
rectangles, with bases 
AB, whose measure is 
B, and ab, whose mea- 
sure is 6 ; and heights 
AD, measure H, and 
ad measure h. 

Suppose one of these figures applied to the other, 
so that ab shall coincide in direction with AB, and 
with AI or part of AD, and the right angle a with 
A. Thus we shall have the rectangles AK denoted 
by r, and AH, by R', of the same altitude AI ; and 
the latter having the same base as the rectangle 
AC = R : we therefore have, by known principles, 
not here specifically quoted. 



The method would 
not vary essentially, if 
b were greater than B. 



R : 


R' : 


: H 


: h 


R': 


r : 


: B ; 


: b 


.♦. R : 


; r : 


: BH ; 


; bh 


R 

or — 

r 


= 


BH 
bh 





The same theorems are equally true for parallel- 
ograms generally, since they are respectively equi- 
valent to the rectangles of the same bases and 
altitudes. 

Hence, parallelograms are to each other as the 
products of their bases and altitudes. 

(6.) Farther, to measure an area is to determine* 



AS BA8B AND ALTITUDE. 



117 



3) 
















\ 

















n 



the number of times that it contains some other 
given area. Thus, to measure the rectangle 
ABCDy let abed be taken for the unit of surface. 
Since, then, by the above, 

_=:_X-^. we shall sup. 

pose the measure of ab car- 
ried along AB, in order to 
ascertain how often the one 
is contained in the other; 
then the same done with regard to the altitudes ad, 
AD ; and then the product of the numbers taken. 
In the case of the figures, this would be 3 x 4 
= 12, and in this case R would be r twelve 
times. 

But, since the bases and altitudes may not 

always contain each other precisely, it is still better 

to regard the measure of an area ABCD as its 

ratio to another, abed, taken for unity ; and this 

measure is evidently the product of the ratio 

B H 

-^ of the bases, by the ratio -r of the heights. The 

same obtaining for every parallelogram, it follows, 

B H 

that if n represent the abstract number -r X *t^, 

the area of the parallelogram is n times that which 
is taken for the unit of surface. 

(c.) If for this unit of sur&ce we take the square 
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abed, whose side is the liiiefir unit, then we have 
i r: A =: 1 ; whence B = BH. BH is the pro- 
duct in abstract numbers of the respective numbers 
of lineal units contained in B and H; and if this 
product be assumed also equal to n, we have R = » 
times the square assumed for the unit of area. 
Hence, the area of any parallelogram u the product 
of the numbers of times that the linear unit is con- 
tained in its base and in its altitude respectively : 
this is otherwise often expressed in the concise 
though inaccurate terms, the area of any parallel- 
ogram is the product of its base and altitude* 

(d,) When the sides of the rectangle are equal, 
its measure is BC x BC ; so that the area of its 
square is the second power of its side. It is hence 
that the terms square and second power are re- 
garded as synonymous. 

Cor. If the side of a square be «, where s is 
either whole or fractional, the square itself is «', 
and vice versd. 

Hence the existence of incommensurables may 
be proved. For, if the side of an equilateral rect- 
angle be commensurable with the linear unity, let 
it be s ; then ^, the number denoting how many 
square unities are contained in the rectangle, 
admits of a square root ; therefore, conversely, in 
case this number does not admit of a square root. 
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the side is not commensurable with the linear 
unity. (See Francoeur^s Course^ 

54. The general subject must be pursued, con- 
sistently with the principles it has been the entire 
purpose of this paper to elucidate and enforce. 

The best practical methods of operation must be 
explained and exemplified : checks and verifications 
pointed out in cases where they are known to exist : 
the notes for demonstration must be thoroughly 
studied, and the instances specified (though, of 
course, only by anticipation here), in which the 
direct and inverse method of fluxions, or the inves- 
tigations of the differential and the integral calculus 
yield their analogous results by a more elegant 
process. 

The inventive and investigating faculty of the 
student may here, again, be kept alive, by requiring 
occasionally an independent investigation, or a 
deduction not specified in the book. Thus he may 
be required to show— 

(a.) That, when a triangle is equilateral, or 
a ^=. h :=: c^ the rule in note p. 417, then becomes 
area == \ a^^/S. 

(6.) When it is isosceles, or c = 6, then area 
= las/ {2b + a) {2b — a). 
(c.) That, when of the four sides of a trapezoid, 
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a, by Cf dy a and c are parallel to each other, and 
c — a = 8, then, 

area= ^ V(6H-rf+8)(6+rf-8)(6+8-d)(rf+8-6) 

(d.) That, when the two diagonals a and 6 of a 
quadrilateral intersect at an angle 0, then, 

area =: ^ ab sin. 0. 

{e,) Not a few of the miscellaneous exercises at 
the end of the volume will be found of value both 
with respect to practice and to theoretical deduc- 
tion ; a judicious selection of them must, therefore, 
be made, and perhaps a few new ones be added ^ 

' Thus, suppose it became necessaxy to ascertain the radius of 
a very slender cylinder, you might teach to proceed thus:-^ 

Fix to the extremity of a very fine and flexible line a weight suffi- 
cient to keep the line stretched ; fasten the other extremity to 
the axle of which the radius is required: the line being stretched 
by the weight mentioned above, measure by a scale of even parts, 
any convenient length, (six inches, for example), and mark the 
extremities of the length so measured ; then, holding the axle 
horizontal, let the measured part of the line be wound round it 
in the form of an helix, the circumferences being every where con- 
tiguous. Count the number of complete revolutions, and suppose 
them = n ; ako measure the length of the cylinder occupied by the 
helix ; let this = a, and the length of the helix or line first men- 
tioned = i, j> = 3*14150, &C., then, the radius of the cylinder 



2pn 
The exactness of this method may be known by observing, that 

if the cylinder be truly made, and the process carefully repeated, 

with different values of I, n, and a, the radius deduced will, how- 
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Indeed, in going over the business of Mensura- 
tion, an intelligent student will not satisfy himself 
by merely being put in possession of the working 

ever, always come oat the same to the 4th or even the 5th deci- 
mal place. This method is due to Mr. Atwood. 

Again, suppose it were required to 
fiod the diameter of a sphere or haU of 
irory, or of irou, or of copper, from 
any point whatever P, of the sphere^ 
describe about the sphere a circle 
ABC ; imagine the three pmnts A,B,C, 
or measure with die compaflses the 
distances AB, BC, AC, and draw a 
triangle abe of precisely the same size ; if on this triangle abc, we 
describe the circle abed, it will be 
precisely the size of the cirdci that 
is» the smaller circle of the sphere. 
If we conceive the point P as the 
centre of the circle ABC, it is 
plain that PO is perpendicular to 
the plane of the circle, and that this 
right line PO will pass through the 
centre of the sphere; therefore, the 

circle passing the three points B, P, D, will be a grreat circle of 
the sphere. Therefore, we shall have as O P ; the right line or 
distance PC II PC I the diameter of the sphere. Or, we may 
proceed thus : draw a diameter bd ; from the point b as centre, 
with a radius equal to PB, describe an arc of a circle, and from 
the point d as centre with the same radius describe another arc 
which will cut the former in /. The triangle 6^ will be equal to 
the triangle BPD ; therefore the circle bdf will be a great circle 
of the sphere given ; we shall know, therefore, the diameter of the 
sphere required, by either of these methods. 

G 
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rules, but will find it alike pleasing and profitable 
to be put into the capacity of selecting and retain- 
ing several theoretical and practical deductions for 
use in after life ; such, for example, as are inserted 
in the preceding note will be beneficial. 

We annex, also, a few propositions, taken from 
Mr. Brianchon^s theory and application of trans- 
versals, which will be of great utility to oflUcers of 
artillery and to civil and military engineers. 

1. A piece of artillery being placed in A, and 
striking the point P, required to ascertain the dis- 
tance AP ; in this case the range. 

Having taken on the earth, at pleasure, a point 
which is in a right line with A and P, and. a point B 
out of that line, prolong BR by any quantity what- 
ever RC; then marking the point Q, where the 
right line AC is cut by PR, we have, by the theory 
of transversals, 

PA. QC . RB = PB • QARC. 

Whence we find PA = 
PB . QA.RC PA 



CIC . RB 
QA.RC 



» • 



PB 



PA 



aC . RB' PA - PB 

QA.RC 
QA.RC— QC.RB' 




and PA = AB 



QA . RC. 



• QA . RC./1 QC . RB ■ 
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We can thus determine the breadth of a river, over 
which suppose it is required to throw a bridge : let 
A be a signal placed on the accessible bank ; P a 
remarkable point on the opposite bank. 

II. It is required, through a given point, to draw 
a parallel to an accessible line. 

Let Q be the given point, and AB the accessible 
line. Having drawn at pleasure, from the point 
Q, a right line cutting the given line in A, take on 
AB any length AP, car- 
ried from P to B; then 
from a point C, taken 
arbitrarily on the line 
AQ, draw the right lines 
CP, CB, and mark the 
point D where BQ cuts 
CP ; finally, draw AD, 

which meets CB at R, and QR is the required 
parallel. 

This solution depends upon this, that the base 
of a triangle being divided in two equal parts, by a 
right line drawn from the summit ; if from any 
point of this right line we let fall, on each side, a 
transversal passing by the opposite angle, the feet 
of these two transversals will determine a line pa- 
rallel to the base. 

G 2 
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III. Through a pren p(»nt to draw a paralkl 
to two lines parallel respectively. 

Here QR^ ab, aris 
the two parallela^ and 
A the given poipt. 
From the point Ahav- 
ing drawn at pleasure 
a right line whicdiii^- 
tersects the first pa^ 
rallel in Q, and the 
second in a, we take on this right line apy poiat 
whatever C, where 
we draw a new ar- 
bitrary right line, 
which cuts the pa- 
rallels in Ry b, re- 
spectively ; mark 
the point d where 
the two lines Qi^ 
Ra, intersect ; then the point D of intersection 
of Cd RA; lastly, we draw QD which inter- 
sects CR in B, and AB is the parallel required. 

No chain is here required* If Q, R, b, are re- 
markable points, we may suppose them inaccessible. 
Whether the point given is placed between the 
parallel or not, the method will be the same. 

lY. To divide a line in two equal parts, AB 
being the given line, we draw a parallel QR (the 
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figure being tha(t bf prob. 11.)^ atd we drtw towards 
any p<$init whatever C, the lintes AC, BC, ^hich 
intersect that parallel in Q and R ; then we place 
at the point D of intersection of the two lines BQ 
and AR| the line CD prolonged will cut AB in P 
in two equal parts. 

The points A and B may be inaccessible, it will 
then be necessary to place a short pole or picket 
between the two inaccessible points, and in their 
" alignement," which is a very simple practice. 

V. To divide a given or known right line into 
any number whatever of equal parts. 

AB is the given line. Make, at pleasure, a 
quadrilateral, one of whose diagonals is parallel to 
AB, and whose opposite sides meet in A and B, 
respectively; the other diagonal cuts AB in the 
middle C, making, 



AC = 



AB 

^2 




Make, at plea- 
sure, a second 
quadrilateral, one 
of whose diago- 
nals is drawn to 
B, and whose op- 
posite sides meet in A and C, respectively; the 
other diagonal cuts AC in a point D, and we have, 

g3 
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CB : CD : : AB : ad, or 

AB - AC : AC -AD : : AB : AD 

making, AD z= -g- 

Make, at pleasure, a third quadrilateral, one of 
whose diagonals is drawn to C, and whose oppodte 
sides meet in A and D, respectively; the other 
diagonal cuts AD at a point E, and we have 

DC : DE : : AC : AE 

or, AC - AD : AD - AE : : AC : AE 

making, AE = ^. 

Make, at pleasure, a fourth quadrilateral, one of 
whose diagonals is drawn to D, and whose opposite 
sides meet in A and E respectively; the other 
diagonal cuts AE at a point F, and we have, 

ED : EF : : ad : af, 

or, AD - AE: AE - AF : : AE : AF, 

T A t:. AB 

making, AF = -=-. 

o 

We may thus continue to deduce each segment, 

AB AB . 

-g-, -=-, trom the two preceding segments* 

The system of quadrilaterals of construction may 
be simplified thus : 

AB being the line which is to be divided in 
equal parts ; draw at pleasure AP ; and, through 
any point N on AP, draw NM parallel to AD, in- 
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tersecting BP at M ; let the point L, of intersec- 
tion of AM and BN be marked ; and draw PL in- 
tersecting AB at C, and we have, 

Let the point K, of intersection of AM and 
CN be marked ; draw PK, intersecting AB at D| 
and we have, 

Mark the point I, of intersection of AM and 
DN ; draw PI, intersecting AB at E, and we have» 

4 

Mark the point H, of intersection of AM and 
EN ; draw PH, intersecting AB at F, and we have, 

5 

From this it will be easy to proceed to obtain any 

AB AB AB 

segment, as -g-, — , — . 

Before the subject of mensuration, and its more 
useful applications to practical men, is entirely 
quitted, it will be well to draw the attention of the 
student to Mr. De Lagny's curious process for suc- 
cessive approximations to circular arcs, first an- 
nounced to the public about 1724, under the name 
of Goniometry, It will be easily comprehended 

G 4 
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by giving a nngle example. The metbod, in isLCtf 
consists in measoring an arc or angle proposed with 
a pair of compasses, without any scale whatever 
except an undivided semicircle. Produce one of 
the sides of the angle backwards, and then vnth a 
pair of accurate compasses describe a sufficiently 
large semicircle, from the angular point as a centre, 
cutting the sides of the proposed angle, and thus 
intercepting a part of the semieircle. This inter- 
cepted part is accurately taken between the points 
o£ the compasses, and turned successively over upon 
the arc of the semicircle, to ascertain how often U 
is contained in it, and the remainder, if, as usual, 
^here be one, marked ; then take this remainder in 
the compasses, and in like manner find how often 
it is contained in the last of the integral parts of the 
first arc, with again some remainder ; find in like 
manner how often this last remainder is contained 
in the former ; and so on continually, till the re- 
mainder become too small to be taken and applied 
as a measure. By this means Mr. De Lagny ob- 
tains a series of quotients, or fractional parts, one 
of another, which being properly reduced into one 
fraction, give the ratio of the first arc to the semi- 
circle, or of the proposed angle to two right angles, 
or 180 degrees, and consequently that angle itself 
nearly in degrees and minutes. 

Thus, suppose the angle BAG be proposed to be 




GONIOMETRT. 1'29 

measured. Produce 

BA out towards /; 

and from the centre A 

describe the semicircle 

abcfy in which ah is the "^ 

measure of the proposed angle. Take ah in the 

compasses, and apply it 4 times on the semicircle 

as at h^ c, d, and e ; then take the remainder fe, 

and apply it back upon ed, which is but once, viz. 

^tff; again take the remainder ffd, and apply it 5 

times on ffe, as at k, i, k, I, and m ; lastly, take the 

remainder me, and it is contained just 2 times in 

tnl. Hence the series of quotients is 4, 1, 5, 2 ; 

consequently the 4th or last arc em is | the third 

ml or ffd, and therefore the third arc gd is ^^ or 

of the second arc eff therefore again this second 



arc ^is ^ — or -ff of the fisst arc ah ; and conse^ 

qu^atly this first arc ai is j— or -{^ of the whole 

semicircle af. But ^ of 180^ are 31-^ degrees, 
or 37^ 8' S4f^% which therefore is the measure of 
the angle sought. When l3ie operation is nicely 
performed, this angle may be within two or three 
minutes of the truth. 

It may be added, that the series of fractions 

o5 
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forms, in fact, a continued fraction* Thus, in the 
example above, the continued fraction, and its 
reduction, will be as follows : — 

5 + 1 i-i i-_L-i!. 

the quotients being the successive denominators, 
and 1 always for each numerator. 

A similar method is applied in Oeo. Ada/nit 
book on mathematical instruments^ with great in- 
genuity and success, to successive approximations 
of the portions of a right line. 

Mr. Sankey's recent invention of the Cyclometer^ 
consisting of a metallic cycloid, with its base and 
axis, and the diameter of the generating circle, will 
very advantageously and accurately apply to the 
measure of circular arcs. 

55. It will, doubtless, have been observed that, 
with respect to prospective allusion, I have but 
seldom touched upon matters connected with me- 
chanics or physics. With regard to this, therefore, 
I would remark, once for all, in the language of 
Mr. Whewell, that *' the student cannot advance 
in this field steadily or clearly, except he feel dis" 
tinctly that he is on new ground ; that he is dealing 
with a set of notions different from those of pure 
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ilhathemalicSf and resting on peculiar principles. 
Of this, perhaps, he is not always apprized. He is 
led, or left to imagine, that his new study is merely 
a developement of his notions acquired in the 
previous parts of mathematics." ''If he approach 
the subject with such an impression, it will be 
no wonder if his notions always remain inere 
algebraical abstractions, without mechanical value 
or meaning ; and if he himself continue to the end 
of his career, incapable of applying them to any 
really mechanical question/' 

These views are in perfect accordance with what 
I have long held, and often maintained in my own 
lectures on Natural Philosophy. It is gratifying 
to find them supported by so high an authority. 

56. I may now bring these remarks to a close. 
My object has been to show to what purposes the 
mathematical studies in the two lower rooms of 
pur Institution must be directed, and with what 
spirit they must be conducted by the masters and 
pursued by the pupils, and similarly among the 
lower classes in most other seminaries, so that the 
result may be permanently beneficial* Assigning 
to education its specific object, and to mathematics 
its due place, in a system of liberal education, I 
have attempted to mark the distinction between 
the retaining and the recalling functions of me* 

G 6 
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morj^ and to show ht)w bath may be improved 
and extended by a judicious use of the law of 
association. To this end I have remarked that 
scientific truths must be deposited in the mind, 
as far as possible by a classified grouping, upon 
principle', and with a prospective reference; that 
they must be received, not inertly, but with an 
attention stimulated and kept alive by a sense of 
their value ; that passive habits mfust be replaced 
by continuous mental activity and persevering 
search after knowledge ; that the successive topics 
of instruction must be communicated and received, 
not as insulated independent fragments, but as 
parts of a whole ; that each and all must be tho- 
roughly comprehended, and permanently secured 
by frequent retrospection and revision ; while the 
faculty of looking forward, and the intellectual in- 
struments for going forward, are gaining fresh 
strength from every new acquisition. I have, then, 
sketched in detail, but with as much brevity as was 
consistent with perspicuity, my own view of the 
manner in which the rudimental portions of the 
Course may be systematically blended and success- 
fully taught. I hope I may anticipate the cheer- 
ful concurrence of both masters and cadets in the 
complete working out of a plan which the extended 
pre-requisites of admission now render practicable ; 
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and thus prepare for mature life, not mere routine 
passive agents, but reasoners and active men; 
sound, clear, conclusive reasoners ; judicious, per- 
severing, well-instructed, successful men. 

OLINTHUS GREGORY, 
Professor of Mathematics, 

22nd July, 1837. 
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Since tbe completion of the preceding paper^ I 
have seen the ^'Report of the Regents of the 
University of New York," March 1837, in which 
are skilfully embodied, in small compass, the 
leading principles of sound instruction, in three 
comprehensive practical observations, which, on 
account of their obvious application to the pur- 
poses of such an Institution as ours, I subjoin. 

*' The leading principles to be thoroughly incul- 
cated, are — 

"1. Exactness: by which is understood, the 
learning perfectly whatever is professed to be learnt 
at all. 

** This can never be attained without attention 
and patience — causing the subject to pass and re- 
pass in close and frequent examination, till it 
become familiar, and leave an indelible impression 

13 



POSTSCRIPT. 135 

on the mind* The exciting of such a habit of 
attention, as it is the first duty, so it is the greatest 
difficulty, and the most important victory of an 
able teacher, and the cardinal secret of sound 
education. To produce it, he must insist, per- 
emptorily and inexorably, upon exactness^ His 
pupils will shrink, they will solicit, they will com- 
plain ; they may feel a momentary despondence ; 
but there is an elasticity in youth, which cannot 
be long depressed, and a generosity which the 
firmness of authority, softened by a well-adapted 
soothing, can work up to astonishing efforts." 
''The contrary course terminates in the worst 
effects. Let a youth ' get along,' as the phrase is, 
' pretty well ;' — let his ideas on a point, or his 
acquaintance with a subject which he is required 
to master, be only general and confused — let him 
conjecture where he should be certain; let his 
preceptor almost put the answer into his mouth, 
when he hardly knows which way to guess, and 
be is bribed to intellectual sloth; the season in 
which he should fix habits of discrimination, as 
well as of prompt acquisition, passes by ; and 
though he bring to the college good native powers, 
he will leave it with a mind inert and unproduc- 
tive. Let the idea, then, of a medium between 
scholarship and no-scholarship, be for ever ban- 
ished. Let the ideas of doing a thing, and doing 
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it welly be identified in the minds of both pre* 
ceptor and student ; and let the doing a thing by 
halves, be equivalent to not doing it at alL 

** 2. Punctuality : by which is mednt, that Ae 
perfonnance of all exercises should be limited to a 
certain time, and then be rigorously exacted. The 
teacher will, of course, take care that they be both 
reasonable and sufficient. Under these conditions, 
nothing but a physical impossibility, or such a 
hindrance as cannot at all be referred to indolence 
or evasi<m, should excuse for non*perfonnance« 
Exactness is not to be expected without close 
labour. Labour will not be regular and ardent, 
without the pressure of necessity. Let it soon be 
ascertained that there is no escape — that the thing 
must be done — and it triU be done. Such an 
urgency upon the mind disarms temptations to 
trifling, and often to vice ; keeps it bent on the 
period and the matter of duty, and Cbrows it into 
strong, and at length spontaneous action ; hence 
spring the finest effusicms of human genius. There 
exists no more fatal enemy to diligence, improve- 
ment and excellence, than the petBuasion that 
* there is time enough.' 

"8. Progression: by which is undentood a 
graduation of exercises, from easier and shorter, to 
more difficult and ample, according to the power 
of performance. 
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''Doriiig the \¥hole coarse of education, the 
faculties are to be kept on the alert. As they 
develope themselves, they are to be employed in 
work demanding higher tension, and more daunt- 
less rigour. As in mathematical science, every 
preceding proposition, is an instrument in the 
demonstration of those which follow ; so, in all the 
branches of education, every thing which, before 
being learned, is an endy becomes* when learned, 
a means, and is to be apfdied in its turn to the 
remoter, and abstmser investigations. On no 
account, therefore, ought students in the more ad- 
vanced classes to spend their time merely in those 
elementary studies which occupy beginners. It is 
the impoverishment of intellect, — ^it is a waste of 
life, — ^it never can be necessary, unless the neces- 
sity be created by some mimnanagement in the 
system." 

Further, as well with regard to the distribution 
of time, with a view to the acquisition of mental 
strength, as to that of mental riches ; avoid usually 
the extremes on the one hand, of learning only 
one thing ; and, on the other, of learning every 
thing. Forget not the excellent precept of the 
great De Witt, so strongly eulogised by Dr, Waring* 
Do only one thing at once, attend only to one thing 
at a time. He who is learning, should learn one 
thing at a time, and not suffer the thoughts to be 
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diverted too rapidly, from one study to anotheri 
without order, method, or sequence ; he may thus 
lose every thing. And so, with regard to the 
teacher, it is ordinarily best to teach one thing, 
and one person at a time, and often to teach in a 
class, that he may well appreciate the advantages 
of that order of tuition. 

And, in reference to the acquisition of know- 
ledge generally, let it be recollected that it is sel- 
dom, if ever, right to confine it to one subject^ or 
one department of knowledge. If, for example, a 
student is aiming to acquire the knowledge of 
caloric and the gases, he must not permit physics 
to be separated from chemistry ; if he aims at a 
deep insight into geology, he will not so exclusively 
devote himself to mineralogy, or conchology, as to 
abandon astronomy, and especially the celestial 
dynamics; or, to exclude the wonderful nebular 
hypothesis, of which so much of special interest may 
be collected from the virorks of Laplace^ WhetoeUt 
and the tierscheUa* All the natural sciences 
form almost infinite ramifications, and seem in a 
manner to constitute portions of one and the same 
science ; so that in the pursuit of knowledge, it 
will frequently happen that several sciences nearly 
meet at some great truth, and there is scarcely any 
which is not connected with others by points of 
contact, more or less numerous: hence, bearing 
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this in mindi students may preserve themselves 
from the vanity and pedantry of half-knowledge^ 
by apprehending with accuracy, what they actually 
learn : and^ in order to ensure their ultimate con- 
quests^ making in succession their positions in 
whatever regions they enter, with firmness and 
safety. 

And, with a view to all the topics of instruction, 
a cautious preceptor, every time he conducts his 
pupil over his first principles, and his successive 
elementary and other propositions, will show that 
fresh and more light is breaking in upon him, that 
his judgment as well as his knowledge, becomes 
the more amplified and confirmed ; and that thus 
the student is seeing what evidence is, and in fact, 
seeing and feeling its authority and its beauty : duly 
and rightly taught, he feels himself emancipated 
from all bondage, but that of truth ; and thus ex- 
ulting in the new state of things, he travels on the 
road of demonstration easily, smoothly, and firmly, 
pursuing truth while he loves it more and more, 
and renders all truth subservient to all truth ; the 
great object of our researches. 
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TO FACILITATE LOGARITHMIC AND TRIGONOMETRICAL 
COMPUTATION, FOR DIFFERENTIAL COEFFICIENTS, THE 
EXTRACTION OF ROOTS, SlC. 

I. Useful forms in Computation, 

The tables of sines, tangents, &c. besides their use in 
trigonometry, and in the solution of equations, • are 
also very useful in finding the value of algebraic ex- 
pressions, where extraction of roots would be otherwise 
required. Thus, if a and b be any two quantities, of 
which a is the greater. Find x, z, &c., so, that 

b , b a b 

tan X = v^ -, sin. 2 = ^^ -, sec. v = ti tan. a= -, and 
a a ^ b a 

sin. < = -^ : then will 
a 

log. >/(«*— 6*) =log. a 4- log. sin. y=log. 6+ log. tan.y. 

log. >/ (a»-6») = i [log. (a + 6) + log. (a ~ b) ]. 

log* >/ (<»* + ^') = log. a + log. sec. ti = log. b + log. 

cosec. u. 
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log' >/ («+^) = i log- « + log. sec. « = J log. a + 
I log. 2 + log. COS. Jy. 

log. >/ (o— ft) = J log. a + log. COS. »= J log. a + 
J log. 2 + log. sin. Jy. 

log. (a + 5) » = - [log. a + log. cos <H-log. tan. 45° 

± io- 

The first three of these formulae "will often be useful 
when two sides of a right-angled triangle are given, to 
find the third. 



II. Useful Differential Coefficients (from Vega). 



Coefficient. 



2 
1 

2.4 

1 . S 



2.4.6 
1 .3.5 



2.4.6.8 
1.3.5.7 



2.4. 
1 .3. 



.10 
. 9 



2.4. 
1 .3. 



.12 
.11 



2.4. 
1 .3. 



.14 
.13 



2.4 16 

1 . 3 15 



2.4. 
1.3. 



.18 
.17 



2 4. 



.20 



1 

2 
1 .8 

2.4 
1.3.5 



2.4.6 
1.8.5.7 



2.4. 6.8 
1 . 8 9 



2 . 4 10 

1 . 3 11 



2.4. 
1 .8. 



.12 
.13 



2 . 4 H 

1 . 3 15 



2.4. 
1 .8. 



.16 
.17 



2.4. 

1 .3. 



.18 
.19 



!2.4. 



.20 



DecRacUon. 



0-5000000000 
0*1250000000 
0*0625000000 
00390625000 
0*0273437500 
0*0205078125 
0*0161132812 
0*0180920410 
0-0109100342 
0*0092735291 



0-5000000000 
0-3750000000 
0-8125000000 
0*2784875000 
0*2460937500 
0*2255859375 
0*2094726562 
0*1968806152 
01854705811 



Loguithm. 



T'6989700 
T*0969100 
2**7958800 
T*59 17600 
T*4868653 
T-81 19212 
T'2071840 
S"! 170073 
2-0378260 
T-9672450 



Coefficient 



1 

2.8 
1 .8 



Dec. lYictlon. 



r'6989700 
r'5740313 
P4948500 
r-4368653 
7 -891 1005 
r*8533119 
r*8201273 
r-2980986 
r'2682750 



01761970520 T'2459986 



2.4.5 
1.8.5 



2.4.6.7 
1.8.5.7 



2.4.6.8.9 
1 .3.5.7.9 



2.4.6.10.11 
1 . 3...9 . 11 



2.4...12 .13 
i .8...U . IS 



2 . 4,..14 . 15 
I . 8...18 . 15 



2.4...16. 17 
1 . S...15 . 17 



2 .4...18.19 
I .8...17. 19 



0.1666666667 

0*0750000000 

0*0446428571 

0*03038] 9444 

0*0223721591 

00173527644 

0*0189648437 

0*0115518009 

00097616095 

00088908358 



Loguithm. 



2 . 4...20 . 21 



2.8 
1 



2.4.5 
1 . 8 



2.4.6.7 
1.8.5 



2.4.6.8.9 
1.3.5.7 



2.4...10.11 
1.3.5.7.9 



2 . 4...12 . 18 
1 . S... 9. 11 



2.4...14.15 
1.8...11.13 



2 . 4...16 . 17 
1 . 8...18 . 15 



2 . 4...18 . 19 
1 .8...15. 17 



2 . 4...20 . 21 



01666666667 
0*0250000000 
0*0089285714 
0*0043402778 
00024857954 
0*0015775251 
0*0010742187 
0*0007701201 
0*0005742123 
0*0004415966 



r-2218487 
7*8750613 
5'*6497519 
£''4826156 
5"*3497078 
J'2898687 
?*1450360 
S'*0626497 
3"*9895214 
T*9237794 



r*2218487 
2'*3979400 
T-9507819 
T*6875174 
T'3954754 
T-1979768 
3--0810926 
7*8865584 
T-7590725 
4*6450257 



r 
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III. Rules for the Solution of Quadratics, by Tables of 

Sines and Tangents, 

1. If the equation be of the form s^ + px ^ss q: 

Make tan. a = ^^ >/^ ; then will the two roots 
be, « s= + tan. J a »yq x = — cot. J a ^/y. 

2. For quadratics of the Ibrm «* — px 3= ^. 

2 
Make, as before, tan. a ss p >/^ : then will 

X = — tan. |a v^gr « s= + cot Ja >/g. 

3. For quadratics of the form x* + px H q. 

Make sin. a = - >/^: then will 
0? =s — tan. ^A v^gr x = — cot. |a >/g. 

4. For quadratics of the form x* — px = — q. 

Make sin. a = — V9 : then will 
X = + tan. |a ^/g' x = + cot. Ja >/gr. 

s 

In the last two cases, if ^ ^/q exceed unity, sin. a 

is imaginary, and consequently the values of x. 

The logarithmic application of these formulae is very 
simple. 

Thus, in case 1st. Find a by making 
10 -f log. 2 H- |log. q — log. p a= log. tan. a. 

Then loff X - / "+■ ^^^' **"" ^ ^ "^ ,^^^^- ? — ^^; 
men log. X. -|_ ^j^g^ ^^^ i^ ^ jj^g^ ^ _ jQj^ 

iSTofe. This method of solving quadratics is chiefly of 
use when the quantities p and g^ are large integers, or 
complex fractions. 
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IV. Rules for the Solution of Cubic Equations by Tables 
of SineSi Tangents^ and Secants, 

1. For cubics of the form «' + px + ^ = 0. 

Make tan. 8=9.2 »y^p tan. a = V^an. |b. 

Then x = + cot. 2a . 2>/p. 

2. For cubics of the form x^ ^ px ± q := 0, 

Make sin. b s= 7 . 2 >/-^p tan. a = V ^n. |b. 

Then a; = 4- cosec. 2a • 2>/-^. 

Here, if the value of sin. b should exceed unity, b 
would be imaginary, and the equation would fall in 
what is called the irreducible case of cubics. In that 
case we must make cosec. 3a := iB ,2^^^: and then 
the three roots would be 

a; = + sin. a . 2$y^. 

« = ± sin. (60° -- a) . 2>/4|>. 

« = ± sin. (60° -f a) . 2,s/iP' 

If the value of sin. b were 1, we should have b = 90°, 
tan. A = 1 ; therefore a ss 45°, and x = If 2 ts/^P' 
Bat this would not be the only root. The second solu- 
tion would give cosec. 3a ^ 1 : therefore a = ; 
and then 

X = + sin. 30° . 2 >/ip = ± 's/ip- 
X sin. 30° . 2 >/|p = ± V/Jp. 

X = + sin. 90°. 2 >/|p = + 2 >/^. 

Here it is obvious that the first two roots are equal, 
that their sum is equal to the third with a contrary 

H 
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sign, and that tliis third is the one which is produced 
from the first solution. 

In these solutions, the double signs in the value of x, 
relate to the double signs in the value of q. 

V. EXAMPLES OF ROOTS BY SINES AND TANGENTS. 

Example 1. Find the roots of the equation «* + 

7 16P5 

— jc s= , bv tables of sines and tansents. 

44 12716 • ^ 

7 1695 

Here p = — , ^ = ,and the equation agrees with 

88 1695 

the 1st form. Also tan. a = — ^/ and x = tan. 

7 12716 

Ja = >/ . 

* 12716 

In Logarithms thus : 

Log. 1695 = 3*2291697 
Arith.com. log. 12176= 5-8936495 

sum + 10 = 19-1248192 

half sum = 9*5624096 

log. 88 = 1-9444827 

Arith. com. log. 7 = 9'1549020 

sum - 10 = log. tan. a = 106617943 = log. tan. 77' 42' 31"!; 

log. tan. I A = 9-9061115 =: log. tan. 38° 51' 15"| ; 
log. ^/q, as above = 9'5624096 

sum — 20 = log. « = — 1*4685211 = log. •2941176. 

5 
This value of x, viz. •2941176, is nearly equal to — . 

To find whether that is the exact root, take the arith- 
metical complement of the last logarithm, viz. 
0*5314379, and consider it as the logarithm of the 

denominator of a fraction whose numerator is unity : 
5 
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thus is the fraction found to be — exactly, and this is 

5 

manifestly equal to —. As to the other root of the 

. . 1695 5 889 

equation, it is equal to — * — = . 

^ ^ 12716 17 748 

Example 2. Find the roots of the cubic equation 

408 46 

«' — — X 4 = 0, by a table of sines. 

441 147 * ^ 

403 46 

Here p = — i a ^ — t the second term is neffative, 

^ 441 ^ 147 ® 

and 4p' > 27$^ : so that the example falls under the 
irreducible case. 

Hence, sin. 3a = '-^i? X 4S X ' " " ' 



147 '" 408 ' /J21 *®^ ^/l£L^ 
^ ^ 3-441 ISZ6 

The three values of x therefore are 

/1612 

X = sm. A>/j-g23. 

x^ sin. (60° -a) vJ-I^^. 

x=.^ sin. (60° + a) V||i|. 

The logarithmic computation is subjoined. 

Log. 1612 = 3-2073660 
Arith. com. log, 1323 = 6*8784402 

sum — 10 = 00858052 

half sum = 0*0429026 const log. 

Arith. com. const, log. = 9*9570974 

log. 414 .. =: 2^170003 

Arith. com. log. 403 .. = 7*3946950 

log. sin. 3a . . = 9-9687927 = log. sin. 68' 32' \&'k. 

u2 
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Log. sm. A = 9^5891206 
consL log. = 0-0429035 
L ram -10 = kg.x = - 1H»320232 = log. -4285714 = kg. |. 

Log. on. (60° - a) = 97810061 
const log. .... =O1M29026 

2. sum — 10 = lag.x= — 1-8239087 = log. -6666666 = log. }. 

Log. an. (60° + a) = 911966060 
const log. =0<M29026 

3.siim-10 = log. — « = 011395006 = log. 1 1195238 = log. ^ 
So that the three roots are 4> f > luid — -ff « ^^ which 
the first two are together equal to the third with, its 
sign changed, as they ought to he. 

VI. SBLBCT EXAMPLES. 

For exercise^ in fin£ng the Roots of Efuations hy 
Horner^ s or equwaUnt method ; aU the Roots found. 



3-971963 

(1.) «»~12«=lo «= -{-1-677032 

•394930 



= l^l'i 
1-22 

+ 49x — 46 = .... «= <61 

{21 
- 25 
- -2 

= ^-45 



(2.) «» = ia«» + 49x-46 = 0.... «= < 6-64675 

U*36426 

2-601676 

(3.) «»-&t = 2 «= -{-2-261806 

•339870 

6-766722 

(4.) «»-27* = 36 «= -{-4-320684 

1-446038 

f «' 
(6.) «»-13** + 38« + 16 = 0....«= < 6-3722823 

(-•3722823 
(6.) «» - 7* - 7 = 

X = 1^69202147163009686962781489700206914 

« = 1-36689686789220944389439961902130068 

- « = 3D4891733962230631362221440702336972. 
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(7.) «» - 7036*> + 15262754^ - 10000730880 = 0. 

X = 3456, or 2345, or 1234. 
(8.) Has the equation *♦ - 44:» + 8x« - 16* + 20 = 0, any 
real root ? 

3- 

(9.) «* - 6** - 16« + 21 = X 



l2±^/- 



1^102804 
(10.) «♦ - 19x» + 132x» - 302x + 200 = J 4 00000 

*= 1 6-57653 
V 7*39543 
(11.) «* - 4«» - 3«» - 4* + I =0. 

1 . / 4-2912 

Two real roots are K •2087 



0-872984 

(12.) ** - 36*> + 72x - 36 = * = ^ \^V^^y 

872984 



-J 1-: 
-i 4- 

1-6' 

= 21 ..«= < \.^ 

(.-6-1 



(la) ** + x»-24«» + 4ar = 21 ..*= ^ M400599 

•1400599 

2-05608 
(14.) «♦ - 27*' + I62x» + 35&C = 1200 • ] - 3*00000 



C 2-( 
. . J - 3-< 
= ") 13-] 

t 14: 



X "=- j io'15306 
79086 

f -606018 
_ 1 - 3-907378 



(16.) «*- 12x« + 12x-.3 = .... «= < 2858083 

t -443277 



4.6457507 



r4.6407dU7 
(16.) «* - 17«* -20* -6 = .. *= \ -6457822 

I 2±x/2 



2±>/2. 

4*2360608 

(17.) jr* + 24«« - 114«» - 24* + 1 = . . J 0356688 

^ ^ ^ -236068 

0356688 



r 4236 

1 = . . J -03 

X = 1 --23 

1-28 03 



(la) ** - 112-3*» + 1243-58* - 2244-341* + 1112111 = 
X = 1-0, or 101, or 11, or 1001. 

h3 
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(19 ) «» - at* - at» + 24r» - 9« + 27 = 
x = 3» or 3*, or — 3% or ± -/ — 1. 



,«n X r ar»--330x*+35974c»-1260072«a 
^^•; X -. 3733263ar = 13676310. 



}'={_ 



111- 
Ill- 
Ill- 

H3±>/-31.) 



(21.) From M. Fourier, Analyse des Equations. 

«» — *x — 6 = 
Answer, x =: 2 0945514815423265914823865406793029638576; 
Fourier's operation, which includes five approximations, and oc- 
cupies seven quarto pages, is carried to thirty-two figures. When 
properly worked by Homer's method, the solutions carried to 
forty figures, (if such an extensive approximation is necessary, 
as sometimes happens,) does not occupy any thing like a side of a 
sheet of paper. The other two roots are imaginary. 

-438448601 
56155012 
•7958315 
-2047625 
Two impossible 

(23.) ar» - 10a:» - 10x» + 360«« + a083x* - 359av< + 

5020x« - 5160* + 2016 = 0. 

Aruwer, « = 1, or 2, or 3, or 4, or 1, or — 2, or — 6, or 7. 



(22 ) «» - 6x» - 43x* + 95*» + 574* 
149* - 182 = X 




:24.) I 



f Given «' — 



and y 



5 — 3** V — 103 = .... J ' 



Answer, x = 1-996387, y — 3008239. 



TII. TABLS OF TSRIFICATION V0& PLAKS TRIAMOIA*. 



a = 56*925, 
log. s 1-7563030... 
A = 90° 
Iog.8in.B=:9-9030900, 



b s 45-540, 

1-6583930.... 
B = 53° V 48", 4 
COS. B...97781512, 



C s 34*154, 

1-5834548 
C = 86° 52' 11", 6 
tang. B...01249889 



a = 57-770, 
h - 71-677, 
e s 87 811, 



log. 
log. 
log. 



A = 40° 56' 00", 00 
B := 54 . 16 . 8, 48, 
C - 84 . 47 . 51, 52, 



1-7617024, 
1*8647735, 
1*9436689, 

9*8163609, 
9 9094319, 
9*9982073, 



log.* 
log.(* 
log.(# 
log.(# 



*) 
c) 



9*8782186, 
9-7663981, 
8-9574805, 



= 2-0357459, 
s 1-7059406, 
s 1*5682252, 
* 1*8178947, 

9-9881428, 

0*1480888, 

11*0407268. 
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▼III. TABLX OF yXRIFICATIO FOB. B.I6HT-AirOI.SD IFHSB.ICAL TB.IAXOLZI. 



Elements. 



Log. Sines. | Log. Cosines. 



« = 71'» 24^ SO" 


T- 9767235 


b = 140" 52' 40" 


T* 8000134 


e= 114«»15'54' 


T- 9598303 


B = 138^15' 45" 


T- 8232909 


Cs 1050 52' 39" 


T- 9831068 



T' 5035475 + 
T- 8897507 - 
T* 6137969 - 
T* 8728568 - 
T. 4370867 - 



Log. Tan. 



• 4731759 + 
T* 9102626 - 
• 3460333 - 
T* 9504341 - 
• 5460201 - 



The sign — that follows many of these logarithms is destined to indicate that 
the factor which it refers to is negative ; wliich must not he oonfoonded with the 
— which we place at the logarithms when we would indicate that it is to be 
subtracted, which happens in the case of a division. According as the number 
of negative factors of a formuUs ii even or odd, the product has the sign + or 
— , a drcumstanoe which we must note with care. Thus, for example, tan. a 
has for a an arc « < a, when that tangent is positive, and the supplement of 
that value when the tangent is n^ative. 

IZ. TABLS OF TBBIFICATIOV FOB OBLIQITB-ABOLXD SFHXB. TBIAVGLBS. 



Elements. 


Log. Sines. 


Log. Cosines. 


hog. Tan. 


e s 


63° W 57» 8 

750 0'51''8 
41© Vis^o 


T- 9524165 
T- 9849727 
T' 8113582 


T* 6469937 
T- 4125922 
T* 8767042 


• 3054227 
' 5723798 
T- 2416540 


As 

Bs 
Cs 


66 . 57 . 3,6 
97 . 20 . 31,6 
42 . 80 . 55,0 


T* 9638682 
T' 9964244 
T- 8298097 


T- 5927520 
T- 1065091 - 
T" 8675247 


0*3711162 
* 8892153 - 
T* 9622849 




55 . 38 . 21,9 

- 14 . 28 . 35,9 
58 . 42 . 42,4 

- 16 . 11 . 47,4 


T* 9467182 
T- 3979144 - 
T* 9317454 
T' 4454990 - 


T* 7515864 
T- 9859874 
T- 7154547 
T- 9824118 


• 1651318 
T* 41 19270- 

• 2162907 
T- 4630873 - 


* = 


62 . 43 . 55,7 


T' 9488404 


T' 6610088 


0*2878316 



X. 2WD TABLB OF VBBIFICATIOB FOB OBI.iaVB-AVOI.BD SFHSB. TBIABOLXS. 



Elements. 


Log. Sines. 


Log. Cosines. 


Log. Tan. 


As 
Bs 
Cs 


121° W 19" 81 
42oi5'13«66 
840 ly 2" 76 


T- 9302747 
T* 8276379 
T- 7503664 


T* 7193874 - 
T* 8693336 
T* 9172860 


. 2108878 - 
T' 9583043 
T' 8330804 


a s 
e s 


76 . 85 . 36,00 
50 . 10 . 30,00 
40. 0.10,00 


T' 9880008 
T' 8853636 
T* 8080926 


T* 3652279 
T- 8064817 
T* 8842363 


• 6227729 
* 0788819 
T- 9238563 




- 32. 8.50,00 
72. 9. 0,00 

- 43 . 51 . 16,20 
78. 6.19,00 


T* 7259905 - 
T* 9785741 
T* 8406263 - 
T- 9905733 


T* 9277212 
T* 4864674 
T* 8579964 
T* 3141076 


T* 7982693 - 
• 4921067 
T- 9826249-- 
* 6764657 


^s 


40.51. 3,00 


T- 8156388 


T' 8787602 


T* 9368787 
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XI. TRIGONOMETRICAL FORMULA; 

Either to assist the Memory in the FormSf or to select 
from them Examples of Forms for Investigation. 



I. Relative to a Single Arc or Angle a. 

1. sin,* a H- cos.* a = 1 

2. sia. a := tan* a cos a 

tan. a 



o. 


&iU. tt — : — - 

>/l H-tan.*a 


4. 


1 


>/ 1 + tan.* a 


5. 


sin. a 


baU. a — 

COS. a 


6. 


1 COS. a 
cot. a = = -^ 



tan. a sm. a 

7. sin. a = 2 sin. | a cos. \ a 

8. Cos. a = 1 — 2 sin.* \ a 

9. COS. a = 2 COS.* ^ a — 1 

10. tan. i a = - 
* 1 



2 

sin. a 



-h COS. a 
cot. I a = 



yy . 1 sin. a 



cos. a 
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1 — cos; a 



J. tan,' i a =5 , — ; - 

1 H- COS. a 



12 

13. sin. 2 a = 2 sin. a cos. a 

14. cos. 2 a = 2 cos.' a — 1 =s 1 — 2 sin.' a 



II. Relative to Two Jrcs, a and b, of which a is sup' 
posed to be the greater, 

15. sin. (a -f &) = sin. a cos. 6 + sin. b cos. a 

16. sin. (a — &) = sin. a cos. b — sin. & cos. a 
17* COS. (a + &) = COS. a cos. 6 — sin. a sin. 6 
18. cos. (a — ^) =^ COS. a cos. b + sin. a sin. 6 

tan. a -f tan. b 



19. tan 



20. 



.(a + fc)=fE 



tan. a tan. 6 



, ,v tan. a — tan. b 

tan. (a — 6) =s r— ; = 

^ '^ 1 -h tan. a tan. o 



21. sin. a + sin. 6=2 sin. |(a + &) cos. } (a — &) 

22. sin. a — sin. 6 = 2 sin. J (a — 5) cos. J (a + 6) 

23. cos. a + cos. 6 = 2 cos. |(a + 6) cos. |(a -* 6) 

24. COS. 6 — cos. a=2 sin. i (a + 6) sin. J (a— 6) 

I sin. (a -f 6) 

25. tan. a + tan. b = ^ — ■ — ' 

cos. a COS. 6 

«z. ^ X . sin. (a — 6) 

26. tan. a — tan. 6 = ^^ / 

COS. a cos, 

n«* ^ . ^ r sin. (a 4- 6) 

27. cot. a + cot. 6 = -: — ^— : — r' 

sm. a sin. 6 

28. cot. — cot. a = -: — ^ — ; — / 

sm. a sin. 6 
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29. 



30, 



38. 



39. 



sin, a + 8in. b ^ tan. i(a + b) 
sin. a — sin. b " tan. ^ (a — 6} 

COS. b + cos, g __ cot. J (fl + 6) 
cos. 6 — COS. a ~ tan. J (a — 6) 



g- tan, g + tan, b _ cot. 6 + cot, a _ sin. (a + 6) 
tan. g — tan. b cot. 6 — cot. g sin. (g — b) 

go cot. 6 — tan, a ^ cot. a — tan. 6 cos. (g + 6) 

cot. 6 + tan. a cot. a 4- tan. 6 ~" cos. (g — 6) 

33. sin.* g — sin.' 6 = sin, (g + b) sin. (g — b) 

34. COS.* g — sin.* 6 = cos. (g -h ft) cos. (g — b) 

35. 1 ± sin. g = 2 sin.* (45° ± J a) 

n^ 1 + Sin.g • r . -ri . 1 V 

36. r-^-^ == tan.* (45° + ha) 

1 + sin. g ^ — 2 / 

o>r 1 + sin. g ^ ,.«n 1 V 

37. — = = tan. (45° + i g) 

COS. g \ j_ 8 / 

1 — sin. g ^ sin. *(45° — | a ) 
1 ^- COS. g *" sin.* | g 

1 + sin, b _ sin.* (45° 4-1 6) 
I -h cos. g COS.* ^ a 

4^ 1 + tan. 6 ^ y^^o . »\ 

41. JLZL^ = tan. (45° ^ 6) 

1 + tan. ^ 

42. sin. g cos. 6 = | sin. (g + 6) + | un. (a — b) 

43. COS. g sin. 5 = | sin. (g + &) — | sin. (g — b) 

44. sin. g sin. 6 = J cos. (g — 6) — J cos. (g + 6) 

45. COS. a COS. 6 = | cos. (g + 6) + J cos. (g — 6) 
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XII. Differences of Trigonometrical Lines, 

46. A sin. B = 2 sin. J A B cos. (B + J A B). 

47. — A COS. B = 2 sin. J A B sin. (B + | A B). 

sin. A B 

48. A tan. B = ^ 75 ; TIdV 

COS. B COS. (B -f A By 

si n. A B 

49. — A COU B ^^ —, 5 — ; — 75 ; aISn* 

sin. B sm. (B + A B) 

60. / f^^'^;j>=|8m.AB8in.(2B+AB). 
i. — A (cos.' B) = J 

.ct A^. am sin. A B sin. (2B + A B) 

51. A (tan.> B) = ^^^ , ^ ^^, (B -f A B) 

w .TIN sin. A B s in. (2B + A B ) 

52. - A(cot. B) = 3in.2 B sin.' (B + a B) ' 

XIII. Differentials of Trigonometrical Lines. 

53. d sin. B bs d B cos. B. 

54. — d cos. B = d B sin. B. 

, _ dB 

55. a tan. B ^ 5-5. 

cos.' B 

dB 

56. — d cot. B ^ •; — 2-5. 

sin.' B 

f ^(^^•'^) = l2rfB8in.Bcos.B. 
' t - d (cos.* B) = J 

, , , „. 2(2 B tan. B 

58. rf(tan.'B)= ^^^ , p . 

59. «d(cot.'B) = ?^^^. 

^ ' sin. B 



H 6 



156 



TRIGONOMETRICAL FORMULiE. 



xiT. buck's trigonometrical multiplication and diyision 

TABLES. 



Multiplied into 



1 


sin. 


cosec. 


tan. 


cot 


sec 


COB. 


sin. 
cosec. 


sin.* 


rad. 


sin. 
cot. 


COS. 


tan. 


sin. 


sec 


rad. 


cosec* 


sec. 


cosec. 
tan. 


cosec 


cot 


cos. 


tan. 


sin. 
cot. 


sec. 


tan.* 


rad. 


tan. 

COS. 


sin. 


cot. 


COS. 


cosec. 
tan. 


rad. 


cot* 


cosec. 


cot 
sec 


sec. 


tan. 


cosec 
cos. 


tan. 

COS. 


cosec 


sec* 
rad. 


rad. 


cos. 


sin. 
sec. 


cot. 


sin. 


cot 
sec. 


COS.* 



Divided by 





sin. 


cosec. tan. 

1 


cot 


sec. 


COB. 


sin. 


1 


sin.* 


COS. 


sin. tan. 


sin. COB. 


tan. 


cosec. 


cosec* 


1 


cosec. cot. 


sec. 


cot 


oosecsec 


tan. 


sec. 


tan. sin. 


1 


tan.* 


sin. 


tan. sec 


cot 


cosec 
tan. 


COS. 


cot* 


1 


COS. 

tan. 


cosec. 


sec. 


sec cosec. 

cosec 

or 

coa 


tan. 


cosec. 


sec tan. 


1 


sec* 

1 


cos. 


cot 


sin. 
— or 
sec 

sin. COS. 


cot. 
sec. 


sin. 


COS.* 


unity 


cosec. 


sin. 


cot 


tan. 


COS. 


sec 
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XV. Solution of Spherical T^riangles, by Gautit Formula, 

(I.) COS. I (a + ft) . COS. i C = COS. ) (A + B) . sin. | e 

(II.) COS. i (a (T ft) . sin. | C = sin. | (A + B) . sin. ^ e 

(III.) sin. i(a + b) , cos. } C = cos. ^A </> B) . cos. ) c 

(IV.) sin. I (a </> ft) . sin. | C =: sin. | (A </" B) . cos. | e 

2%« Four Fundamental Formula of Spherical Trigonometry, 

(1.) Three sides and au angle, 
A.B.C. a. 

(2.) Three angles and a side, 
a.ft.c. A. 

(3.) Four contiguous parts, 
A. ft. Co. 

— ^"^— ^»— .— ^»— — ^— ^— ^ ■■ ■ 

(4.) Four opposite parts, A.a. 
aft. 



COS. A = COS. a sin. B. sin. C 
+ COS. B. COS. C. 

COS. a = COS. A sin. ft sin. c 

— COS. ft COS. c. 

cot. A jsin. C = cot. a sin. ft 

+ cos. C COS. ft. 

sin. A sin. B. 



sin. a 



sin. ft. 



XVI. Regular Polygons. The side Unity. 



Sides. 
3 


Names. 


Areas. 


Log. Areas. 


Trigon, or equilat A 


0.4330127 


1 .636501 


4 


Tetragon, or square 


1.0000000 


0.000000 


5 


Pentagon 


1.7204774 


0.236649 


6 


Hexagon 


2.5980762 


0.414652 


7 


Heptagon 


3.6339124 


0.560374 


8 


OjOtagon 


4.8284271 


0.683806 


9 


Nonagon 


6.1818242 


0.791117 


10 


Decagon 


7.6942088 


0.886164 


11 


Undecagon 


9.3656405 


0.971537 


12 


Dodecagon 


11.1961524 


1.049069 



General Construction of Polygons. Corrected from Malton. 
Bisect AB the diameter of the circle in C, through which, per- 
pendicular to AB, draw indefinitely HD. Take A I to AB as 
AG is to AGB, and draw GID. Then will D be the point 
whence a right line being drawn through the given point I, will^ 
as is required, divide the diameter and concave circumference in 
the same ratio. Trigon, CD = 1*73205; Pentagon, 174478; 
Hexagon,! '73205; Heptagon, 171903; Octagon, 1707106; Nona- 
gon, 1 '69654; Decagon, 1*68728; Undecagon, 1*679165; Dode- 
cagon, 1*67202. 



APPENDIX. 



PROBLEMS RELATITS TO THE DIVISION OF FIELDS OR 

OTHER SURFACES. 



PROBLEM I. 

To diyide a triangle into two parts having a given 
ratio, m I n. 

1. By a line drawn from one angle 
of a triangle. 

Make AD : AB : : m : m -f- n ; 
draw C. So shall ADC, BDC, be the 
parts required. 

Here, evidenUy, AD = -^ AB, DB = ** 




ifi + n in + « 

AB. 

2. By a line parallel to one of the sides of the 
triangle. 

Let ABC be the given triangle, to be divided into two 
parts, in the ratio of m to n, by a c 

line parallel to the base AB. Make 
C£ to £B as m to n ; erect £D per- 
pendicularly to CB, till it meet the 
semicircle described on CB, as a diameter in D. Make 
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CF s: CD : and draw through F, 6F || AB. So shall 
GF divide the triangle ABC in the given ratio. 

For, CE : CB = ^ : : CD» (= CF) : CB». But, 

CE : EB :: m : n, or CE : cb :: m : w + «, by the 
construction ; therefore, CF' : CB' : : m I m + n* And 
since a CGF : A CAB : : CF' : CB' ; it follows 
that CGF : CAB : : m : m + n, as required. 

Computation.— Since CB' : CF* :: w 4- « : f», 
therefore, (w + n) CF» = m . CB'; whence CF 

^(m 4- n) = CB ^w, or CF = CB>/— ^. In like 
manner, CG == CA »,/ 




w + n 

3. By a line parallel to a given line. 

Let HI be the line parallel 
to which a line is to be drawn, 
so as to divide the triangle ABC 
in the ratio of m to n. 

By case second draw GF 
parallel to AB, so as to divide 
ABC in the given ratio. 
Through F draw FE parallel to 

HI. On CE as a diameter describe a semicircle ; draw 
GD perp. to AC, to cut the semicircle in D. Make 
CP = CD ; through P, parallel to EF, draw PQ, the 
line required. 

The demonstration of this follows at once from case 
2 ; because it is only to divide FCE, by a line parallel 
to F£, into two triangles having the ratio of FCE to 
FCG, that is, of CE to CG. 
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ComptOation, — CG and CF being computed, as in 
case 1, the distances CH, CI being given, and CP being 
to CQ as CH to CI : the triangles CGF, CPQ, also 
haying a common vertical angle, are to each other as 
C6 . CF to CQ • CP. These products therefore are 
equal ; and since the factors of the former are known, 
the latter product is known. We have hence given the 
ratio of the two lines CP ( s= or) to CQ ( = y) as CH 
to CI ; say, aa pto q; and their product = CF . CO^ 
say = a6 : to find x and y. 

Here we find x = i/—^, y = >/— . That is, 

N.B — If the line of division were to be perpendicular 
to one of the sides, as to CA, the construction would be 
similar ; CP would be a geometrical mean between CA 

and C6, b being the foot of the perpendicular 

from B upon AC. 

4. By a line drawn through a given point P. 





By any of the former cases draw Im (fig. 1) to divide 
the triangle ABC, in the given ratio of m to it ; bisect 
CI in r, and through r and m let pass the sides of the 
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rhomboid Crsm. Make Ca = Pe, which is given be- 
cause the point P is given in position ; make Cd a fourth 
proportional to Ca, Cr, Cm ; that is, make Ca : Cr : : 
Cm : Cd ; and let a and d be two angles of the rhomboid 
Cabdf figs. 1 and 2. Pe, in figure 2, being drawn parallel 
to aC, describe on ed as a diameter the semicircle e/dt 
on which set off ^ = Ce = aP ; then set off dM or 
ordM' on CA equal to df, and through P and M, P and 
M' draw the lines LM, L'M^ either of which will divide 
the triangle in the given ratio. The construction is 
given in two figures merely to avoid complexness in 
the diagrams. 

The limitations are obvious from the construction ; 
for the point L must fall between B and C, and the 
point M between A and C ; aP must also be less than 
P6, otherwise ^cannot be applied to the semicircle on ed* 

Detnonstratian, — Because Cr = | C^ the rhomboid 
Crsm = triangle C/m, and because Ca : Cr : : Cm : Cd, 
we have C a • Cd = Cm . Cr, therefore rhomboid Ca6d 
=s rhomboid Crsm ^ triangle C/m. By reason of the 
parallels CB, bd, and CA, a6, the triangles aLP, dGM, 
60P, are similar, and are to each other as the squares of 
their homologous sides aP, dM, 6P ; now ecP = ^' + 
dj^^hj construction ; and ed = P6, ef = aP, df = dM ; 
therefore P6* = aP' + dM', or, the triangle P6G taken 
away from the rhomboid, is equal to the sum of the tri- 
angles aPL, dMG, added to the part CaPGd ; conse- 
quently CLM = Cahd, as required. By a like process 
it may be shown that aLT« d CKM^ P6(j^y are similar, 
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and aL'P + rfGKM' = P6GK; whence PMM' « aLT, 
and CUM' = Cabd^ as required. 

Computation, — C^ Cm, being known, as well as Ca, 
aP, or Ce, «P, Cr = |C/, is known ; and hence Cd may 
be found by the proportion Ca : Cr : : Cm : Cd. Then 

Crf — Ce = ed, and ^ ed" — ef^ = >/crf' — aP» = 

((/• = rfM == dM'. Thus CM is determined. Then we 

, CI, Cm -,_ 
have ^-- = CL. 
CM 

N.B. When the point is in pne of the sides, as at M ; 
then make CL .CM (fw 4- n) = CA . CB . «i, or CL 
: CA : m • CB : (fTt + n) CM, and the thing is done. 
5. By the shortest line possible. 

Draw any line PQ dividing the triangle 
in the given ratio, and so that the sum- 
mit of the triangle CPQ shall be C the 
mo$t acute of the three angles of the tri- 
angle. Make CM = CN, a geometrical 
mean proportional between CP and CQ ; so shall MN 
be the shortest line possible dividing the triangle in the 
given ratio. The computation is evident. 

Demonstration. — Suppose MN to 
be the shortest line cutting off the 
given triangle CMN, and CG J_ 
MN, MN = MG + GN = CG . 
cot. M 4- CG . cot. N = CG 
(cot. M + cot. N). But, cot. M 
I ^ -kT COS. M . cos. N 

+ cot. N s=— + -: -: s= 

sm. N sm. N 
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. ' --. — : — rA And (equ. XVIII, ch. iii.) sin. M . 
sm. M. Mn. N ^ ^ ' 

sin. N = |co8. (M — N) — |co8. (M + N) = Jcos. 

(M — N) + i COS. C. Therefore, MN = CG. 

sin. (M + N) ... . . 

1 TTT — ^-=r7;^ — r— r -p. \ which exDression 18 a mi- 

Jcos. (M — N) + fcos. C ^ 

nimum when its denominator is a maximum ; that is, 
when COS. (M — N) is the greatest possible, which is 
manifestly when M -* N s= 0, or M = N, or when the 
triangle CMN is isosceles. That the isosceles triangle 
must have the most acute angle for its summit, is evi- 
dent fiom the consideration, that since 2 ^ CMN =: 
CG, MN, MN varies inversely as CG; and conse- 
quently MN is shortest when CG is longest, that is, 
when the angle C is the most acute. 

N.B. A very simple and elegant demonstration to 
this case is given in Simpson's Geometry : vide the book 
on Max. and Min. See also another demonstration at 
case 2, prob. 6, below. 

PROBLEM II. 

To divide a triangle into three parts, having the 
ratio of the quantities m, n, p. 

1. By lines drawn from one angle of the triangle to 
the opposite side. 

Divide the side AB, opposite the 
angle C from whence the lines are to 
proceed, in the given ratio at D, £ ; 
join CD, C£ ; and ACD, DCE, ECB, a d 
are the three triangles required. The demonstration is 
manifest ; as is also the computation. 
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If it be wished that the lines of division be the 
shortest the nature of the case will admit of, let them be 
drawn from the most obtuse angle to th6 opposite or 
longest side. 

2. By lines parallel to one of the sides of the triangle. 
MakeCD ; DH : HB :: m : « : p. 

Erect DE, HI, perpendicularly to CB, 

till they meet the semicircle described 

on the diameter CB, in E and I. 

Make CF = CE, and CK = CI. 

Draw GF through F, and LK through K, parallel to 

AB ; so shall the lines 6F and LK divide the triangle 

ABC as required. 

The demonstration and computation will be similar to 
those in the second case of prob. 1. 

3. By lines drawn from a given point on one of the 
sides. 




Ftg.l. 




Fig 2. 




A.»9 "B ^H 



« P B 



Let P (fig. 1) be the given point, a and h the points 
which divide the side AB in the given ratio of m^n^p\ 
the point P falling between a and h. Join PC, parallel 
to which draw ac, hd, to meet the sides AC, BC, in the 
points c and rf ; join Pc, Prf, so shall the lines cP, Pd, 
divide the triangle in the given ratio. 

In fig. 2, where P falls nearer one of the extremities of 
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AB than both a and 6, the construction is essentially the 
same ; the sole difference in the result is, that the points 
e and d both fall on one side AC of the triangle. 

Demonstration. — The lines Ca, C6, divide the triangle 
into the given ratio, by case 1. But by reason of the paral- 
lel lines ac PC, ftc?, a ac C = a acP, and a bdC = bdF. 
Therefore, in ^g. 1, Aac + acP = Aoc + acC, that is, 
AcP =r AaC ; and Bbd + bdF = Bbd + bdC, that 
is, BdP = B&C. Consequently, the remainder CcVd 
= Cab. In fig. 2, AcP = AaC, and AdP 5= ACb ; 
therefore cPrf = aCP ; and ACB — AdP = ACB, AC6, 
that is, CBPc^ = CB6. 

Computation. — The perpendiculars eg, CD being de- 
mitted, a AcP : a ACB : : w : wi + n + p : : AP . 
eg : AB . CD. Therefore (m + n + ;?) AP . Cg = 

fii . AB . CD, and eg = , ^ . ' v , ^ . The line eg 

® (i» + « H- jp) AP ® 

being thus known, we soon find Ac ; for CD : AC : : 

. . AC . eg m . AB . AC t j j ^u- 

eg : Ac = - ^r, ° = 7 1^ ■ V AP ' Indeed this 

° CD (m -^ n -{- p) AP 

expression may be deduced more simply; for, since 

ACB : AeP :: AC . AB : Ae . AP :: «i + n + jp : 

m, we have (w + n + jp) Ac . AP = m . AB . AC, 

- - fw • Ai5 • AC/ t% ft * r. 

and Ac = ; ; ; — nrf%' By a like process is ob- 

(m + n + p) AP ^ ^ 

tained, in fig. 1, Bd = ^ J^ ^ ^'^^ ^^ ; and in fig. 2, 

^^_ ( m + ») AB . AC 
(m + « -M>) AP* 
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4. By lines drawn from a given point P mihm the 
triangle. 





Const. — Through P and C draw the line CPp, and 
let the triangle be divided into the given ratio by lines 
pCf pd, drawn from p to intersect AC, BC, or either of 
them; according to the method described in case 3 of 
this problem. Through P draw Pc, Pc?, and respectively 
parallel to them, from |i draw the lines jpM, jpN : join 
PM, PN ; so shall these lines with P/), divide the triangle 
in the given ratio. 

Demon. — The triangles cPM, cVp, are manifestly 
equal, as are also ^PN, d¥p ; therefore CPM = Cpc^ 
and CPN = Cpd; whence also, in fig. 1, CNPM = 
Cdpc and in fig. 2, CB |3 PN = CBpd. 

Comput.—Smce CP . CN = Cjp . Cd, we have CN = 
Cp.Cd 

"ncp~- 

In like manner CM = " ' . 

Remark. — It will generally be best to contrive that 
the smallest share of the triangle shall be laid off nearest 
the vertex C of the triangle, in order to ensure the pos- 
sibility of the construction. Even this precaution, how- 
ever, may sometimes fail of ensuring the construction 
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by the method above given. When this happens, pro- 
ceed thus : 

By case 1, draw the lines Cd, Ce, from the vertex C 
to the opposite side AB, to divide the 
triangle in the given ratio. Upon AB 
set off any where MN, so that MN : 

AB : : Pp (the perp. from P on AB) : ^ 

Cp, the altitude of the triangle. If MP 
and PN are together to be the least possible, then set off 
^ MN on each side of the point p ; so will the triangle 
MPN be isosceles, and its perimeter (with the given base 
and area) a minimum. 

5. By lines, one of which is drawn from a given 
angle to a given point, which is also the point of con- 
course of the other two lines. 






h B 

IT 

Const, — By case 1st draw the lines Ca, C6, divid- 
ing the triangle in the given ratio, and so that the 
smaller portions shall lie nearest the angles A and B 
(unless the conditions of the division require it to be 
otherwise). From P and a demit upon AC the perpen- 
diculars Pp, ac ; and from P and 6, on BC, the perpen- 
diculars P^r, bd. Make CM : CA : : ac : Pp, and CN : 
CB : : bd: Pg. Draw PM, PN, which, with CP, will 
divide the triangle as required. 

When the perpendicular from b or from a, upon BC or 
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AC, is longer than the corresponding perpendicular 
from P, the point N or M will fall farther from C than 
B or A does. Suppose it to he N ; then make N'e : 
eB : : N« : «P, and draw PN' for the line of division. 

The demonstration of all this is too ohvious to need 
tracing here. 

Comput. — The perp. ca = Aa . sin. A ; and 

CA . ac 



CM = 



bd=Bb. sin. B ; and CN = 



CB. bd 



6. By lines, one of which falls from the giren point 
of concourse of all three, upon a given side, in a given 
^gle. 

Suppose the given angle to be a right angle, and P/ 
the given perpendicular : which will 
simplify the operation, though the 
principles of construction will be 
the same. 

Const, — Let Ca Cb divide the 
triangle in the given ratio. Make /N : CB i: bd : 
P/, and/M : CA :: oc : P/; and draw PN, PM, thus 
forming two triangles P/ISf, I^M, equal to C6B, CoA 
respectively. If N fall between / and B, and M be- 
tween A and /, this construction manifestly effects the 
division. But if one of the points, suppose M, falls 
beyond the corresponding point A, the line PM inter- 
secting AC in €. Then make M'e : eA : : eM : eP, and 
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draw PM' : so shall P/, PM', PN, divide the triangle 
as required. 

Comput. — Here ca and bd are found as in case 5 ; and 



CB . fed , _, CA . ac 



ThenPM 



hence /N = p' 5 and/M = -^ 

= >/(M/» +/P'), and ^ = sin. M. Also 180° 

— (M -I- A) =s MeA. . Then sin. MeA : sin. M : sin. 
A X MA (= M/-- A/) : Ae : Me. Again Fe = PM 

— Me ; and lastly We = ^5 — . 

Here also the demonstration is manifest. 

7. By lines drawn from the angles to meet in a 
determinate point. 

Construe. — On one of the sides, as AC, set off AD, 
so that AD : AC : : w : m + n 4- p. 
And on any other, as AB, set off BE, 
so that BE : BC :: n : TO H- n 4- p. 
Through D draw DG parallel to AB ; and 
through E, EH parallel to BC ; to their point of inter- 
section I draw the lines AI, BI, CI, which will divide 
the triangle ABC into the portions required. 

Demon.— Any triangle whose base is AB, and whose 
vertex falls in DG parallel to it, will manifestly be to 
ABC, as AD to AC, or as to to to + n + p ; so also, 
any triangle whose base is BC, and whose vertex falls 
in EH parallel to it, will be to ABC, as BE to BA, that 
is, as It to TO + n + p« 

I 
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Thus we have AIB : ABC : : m : m + n -{- p. 
and . . BIC : ACB : : n : in + n + p, 
therefore . AIB : BIC : : tn : n. 

And the first two proportions give, by composition, 
AIB + BIC : ACB : : wi + n : m + n + p ; andby 
division, ACB — (AIB + BIC) : ACB :: m -^ n •\' 
p — (wi + n) : «» + n + p, or AIC : ACB t ! p : to 
4- n + p, consequently AIB : BIC : AIC oc « : 
nip. 

Cowpii^.— BE = GI = — V-^^ ? BG = 

TO + II H- p 
; angle BGI = 2 right angles — B. 




•n 4- n + p 

Hence, in the triangle BGI, there are known two sides 

and the included angle, to find the third side Bl. 

Remark. — ^When m =^ n =s p^ the construction he- 
comes simpler. Thus, from the vertex 
draw CD to bisect AB ; and from B 
draw BE in like manner to the middle ^^ 
of AC ; the point of intersection I of 
the lines CD, BE, will be the point sought. 

For, on BE and BE produced, let fall from the angles 
C and A, the perpendiculars CI, AK ; then the triangles 
CEI, AEK, are equal in all respects, because A£ = CE, 
KAE = ICE, and the angles at E are equal. Hence 
AK = CI. But these are the perpendicular altitudes 
of the triangles BPC, BPA, which have the common 
base BP. Consequently those two triangles are equal 
in area. In a similar manner it may be proved, that 
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APC =K APB or CPB. Therefore these three triangles 
are equal to each other, and the lines PA, PB, PC, tri- 
sect the A ABC. 

PROBLEM III. 

To divide a triangle into four parts, having the pro- 
portion of the quantities m, n, p, q. 

This, like the former prohlems, might he divided into 
several cases, the consideration of all which would draw 
us to a very great length, and which is in great measure 
unnecessary, because the method will in general be sug- 
gested immediately on contemplating the method of 
proceeding in the analogous case of the preceding pro- 
blem. We shall therefore only take one case, namely, 
that in which the lines of division must all be drawn 
from a given point in one of the sides. 

Let P be the given point in the 
side AB. 

Let the points /, m, n, divide the 
base AB in the given proportion ; so 
will the lines C^, Cm, Cn, divide the surface of the tri- 
angle in the same proportion. Join CP, and parallel 
to it draw, from i, m, n, the lines /L, mM, nN, to cut 
the other two sides of the triangle in L, M, N. Draw 
PL, PM, PN, which will divide the triangle as required. 

The demonstration is too obvious to need tracing 
throughout ; for the triangles L/P, L/C, having the same 
base L/, and lying between the same two parallels L/, 
Cpf are equal ; to each of these adding the triangle AL/, 

i2 
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there results ALP = ACL And in like manner the 
truth of the whole construction may he shown. 

The computation may be conducted after the manner 
of that in case 3, proh. 2, 

PROBLEM IV. 

' To divide a quadrilateral into two parts having a 
given ratio, m ; n. 

1. By a line drawn from any point in the perimeter 
of the figure. 

Construe. — From P draw lines PA, PB, to the op- 
posite angles A, B. Through D 
draw DF parallel to PA, to meet 
BA produced in F ; and through C 
draw C£ parallel to PB to meet 
AB produced in E. Divide FE in '' "^ s^-bi 
M, in the given ratio ofmton; join P, M ; so shall the 
line PM divide the quadrilateral as required. 

Demon. — That the triangle FPE is equal to the quad-> 
rangle ABCD, may be shown by the same process as is 
used to demonstrate the construction of prop. 36, 
Geometry ; of which, in fact, this is only a modification. 
And the line PM evidently divides EFE in the given 
ratio. But FPM = ADPM, and EPM=BPCM ; there- 
fore PM divides the quadrangle also in the given ratio. 

Remark 1. If the line PM cut either of the sides, AD, 
BC, then its position must be changed by a process 
similar to that described in the 5th and 6th cases of the 
last problem. 
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Remark 2. The quadrilateral may be divided into 
three, four, or more parts, by a similar method, being 
subject however to the restriction mentioned in the pre- 
ceding remark. 

Remark 3. The same method may obviously be 
used when the given point P is in one of the angles of 
the figure. 

CompuL — Suppose I to be the point of intersection of 

the sides DC and AB, produced ; and let the part of the 

quadrilateral laid off towards I, be to the other, as n to 

^ ^ „, n (ID . IA--IB . IC) ^ , ,^ 

m. Then we have IM = — 7 ; — r-pr; . As to the 

(to 4- n) IP. 

distances DI, AI, (since the angles at A and D, and 
consequently that at I, are known), they are easily found 
from the proportionality of the sides of triangles to the 
sines of their opposite angles. 

2dly. By a line drawn parallel to a given line. 

Construe, — Produce DC, 
AB, till they meet, as at I. 
Join DB, parallel to which 
drawCF. Divide AF in the 
given ratio in H. Through D 
draw DG parallel to the given line. Make IP a mean 
proportional between IH, IG; through P draw PM 
parallel to GD : so shall PM divide the quadrilateral 
ABCD as required. 

Demon. — It is evident, from the transfonpation of 
figures, so often resorted to in these problems, that the 
triangle ADF = quadrilateral ABCD (th. 36 Geom.) : 

i3 
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and that DH diyides the triangle ADE in the given ratioi 
is evident from prob. 1, case I. We have only then to 
demonstrate that the triangle IHD is equal to the triang^ 
LPM, for in that case HDF will manifestly be equal to 
BCMP. Now, by construction, IH . IP : : IP : IG : : 
(by the parallels) IM : ID ; whence, by making the pro- 
ducts of the means and extremes equal, we have ID . IH 
:sIP . IM ; but when the products of the sides about the 
equal angles of two triangles having a common angle are 
equal, those triangles are equal ; therefore A IHD = A 
IPM. Q. E. n. 

Comput. — In the triangles ADI, ADG, are given all 
the angles, and the side AD ; whence AI, AG, DI, and 
IC, =:= DI — DC, become known. In the triangle IFC, 
all the angles and the side IC are known ; whence IF 
becomes known, as well as FH, since AH : HF : : m : »• 
LasUy, IP = V(IH . IG), and IG : ID : : IP : IM. 

Cor, 1. When the line of division PM is to be per- 
pendicular to a side, or parallel to a given side ; we 
have only to draw DG accordingly : so that those two 
cases are included in this. 

Cor. 2. When the line PM is to be the shortest pos- 
sible, it must cut off an isosceles triangle towards the 
acutest angle ; and in that case IG must evidently be 
equal to ID. 

3dly. By a line drawn through a given point. 
The method will be the same as that to case 4th, 
prob. 1, and therefore need not be repeated here. 

Scholium. — If a quadrilateral were to be divided into 
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four parts in a given proportion, mj n^Pfq: we mint 
first divide it into two parts having the ratio of «» + « 
to p + 9 ; and then each of the quadrangles so formed 
into their respective ratios, of m to m, and ptoq, 

PROBLEM V. 

To divide a pentagon into two parts having a given 
ratio, from a given point in one of the sides. 

Reduce the pentagon to a triangle by prob. 37, 
geometry, and divide this triangle in the given ratio by 
case 1, prob. 1. 

PROBLEM VI. 

To divide any polygon into two parts having a given 

ratio. 

1st. From a given point in the perimeter of the poly- 
gon. 

Construe. — Join any two 
opposite angles, A, D, of the 
polygon, by the line AD. 
Reduce the part ABCD into 
an equivalent triangle NFS, 
whose vertex shall be the given 
point P, and base AD produced : an operation which may 
be performed at once, if the portion ABCD be quad- 
rangular ; or by several operations (as from 8 sides to 
6, from 6 to 4, &c.) if the sides be more than four. 
Divide the triangle NFS into two parts having the given 
ratio, by the line PA. In like manner, reduce ABEFGA 
into an equivalent triangle having H for its vertex, and 

i4 
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FE produced for its base ; and divide this triangle into 
the given ratio by a line from H, as HK. The compound 
line PHK will manifestly divide the whole polygon into 
two parts having the given ratio. To reduce this to a 
right line, join PK, and through H draw HM parallel to 
it ; join PM ; so will the right line PM divide the poly- 
gon as required, provided M fall between F and £. If 
it do not, the reduction may be completed by the pro- 
cess described in cases 5th and 6th, prob. 2nd. 
All this is too evident to need demonstration. 

Remark. — ^There is a direct method of solving this 
problem, without subdividing the figure ; but as it re- 
quires the computation of the area, it is not given here. 

2dly. — By the shortest line possible. 

Construe. — From any point Sj^ 

P', in one of those two sides -V^^ wNc 
of the polygon which, when / V y\ 
produced, meet in the most \ /I y^ *'-. 

acute angle I, draw a line ^ mm'k •'! 

PM^ to the other of those sides (EF), dividing the poly- 
gon in the given ratio. Find the points P and M, so 
that IP or IM shall be a mean proportional between 
IP^ IM' ; then will PM be the line of division required. 

The demonstration of this is the same as has been 
already given, at case 5, prob. 1. Those, however, who 
wish for a proof, independent of the arithmetic of sines, 
will not be displeased to have the additional demonstra- 
tion below. 

The shortest line which, with two other lines given in 
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position, includes a given area, will. make, equal angles 
with those two lines, or with the segments of them it 
cuts off from an isosceles triangle. 

Let the two triangles ABC, AEF, having the common 
angle A, be equal in surface, and let the former triangle 
be isosceles, or have AB = AC ; then is BC shorter 
than £F. 

First, the oblique base £F 
cannot pass through D, the 
middle point of BC, as in the 
annexed figure* For, drawing 
CG parallel to AB, to meet £F 
produced in G. Then the two 
triangles DBE, DCG are iden- 
tical, or mutually equal in all respects. Consequently 
the triangle DCF is less than DB£, and therefore ABC 
less than A£F. 

£F must therefore cut BC in some point H between B 
and D, and cutting the perp. AD in some point T above 
D, as in the 2d figure. Upon £F 
(produced if necessary) demit the 
perp. AK. Then, in the right- 
angled d AIK, the perp. AK is less 
than the hypothenuse AI, and 
therefore d fortiori less than the 
other perp. AD. But of equal 
triangles, that which has the greatest perpendicular, 
has the least base. Therefore the base BC is less than 
the base £F. q. e. d. 

i5 




178 APPENDIX. 

This series of problems might have been extended 
much further ; but the preceding will furnish a suffi- 
cient variety, to suggest to the stud^it the best method 
to be adopted in almost any other case that may occur. 
The following practical examples are subjoined by way 
of exercise. 

We here present, for the guidance of the student, 
from Hirsch's Geometry, a few examples of the applica- 
tion of Algebra to this class of problems. 

PROBLEM YII. 

To divide a given polygon into two parts according 
to a given proportion, and in such a nannert that one of 
the parts may be similar to the whole figure. 

Divide one of the 
sides of the polygon, say 
AB, according to the 
given proportion : let 
the point of division be 
M. Upon AB describe 
the semicircle AmB, and 
from M raise the perpendicular upon AB that is Mm, to 
meet the semicircle in m. Make A6 = Am, and upon 
AB describe, by drawing the lines respectively parallel 
to BC, CD, &:c. the figure Ahcde, which is evidently 
similar to ABODE ; and it divides the figure in the 
manner required. 
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Demon. ABODE : abode : : AB' : off ; 

:: AB» : Awi» : : AB : AM; 
consequently : 

ABCDEe : Abode : Abode : : AB— AM : AM, 
or, BCDEedcb : Abode : : MB : AM. 

PROBLEM Till. 

From a given quadrilateral with two parallel sides^ 
to cut off, by a line parallel to these sides, a part consist- 
ing of a given area. 

SohU. — Let ABCD be the trapezium, with two paral- 
lel sides AD, B€, from which ^. . c 

trapezium, by a line EF, pa- /|\ \ 

rallel to these two sides, it is / • ^* \ 

required to cut off a part y~: 

BCFE, whose area = g'. / 

1. Draw the perpendicular £ x ^ — —^ 

BH, and BG parallel to CD, and let AD ss a, BC =s 
6, and the altitude BH = h. If we knew how to de- 
termine the point E, in which the lines BH, EF inter- 
sect each other, we could then draw the line of division. 
Let .*. BK = «, and EF =: y. 

2. Since EI is parallel to AG, therefore 

AG : EI = BG : BI = BH : BK 
or a^frly— 5 = A:x 

consequently (a — 6) aj =s (y — 6) A 

3. Trapez. BCFE = i(y4-6)«=:5 
consequently (y + b) x =i 2q, 

4. Therefore the two equations 2 and 3, when solved, 
give— 
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Exam Let a = 76, 6 = 38, A = 23, and .-. the 

area of the trapezium = 1288 ; it is required to cut off 
from it a part contaioing 560 ; what is the length of the 
line of section £F, and its distance from BC ? 

Ans. EF = 56 954, and BK = 12'048. 

PROBLEM IX. 

To divide a trapezium mth two parallel sides, in 
a given proportion, from a giren point in one of its 
sides. 

SokU. — ^Let ABCD he the trapezium, which from the 
point T is to he divided by a 
line TE in such a way that 
the section ABET is to the 
whole trapezium, as n : m. 
Let AD = a, BC = 6, 
AB = c,CD = d,AT=/. A T B 

1. Put BE = «, then, because the altitudes are equal, 
Trapez. ABCD : trapez. : ABET : : a -f 6 : / + x ; 
But 

Trapez. ABCD : trapez. : ABET :: m : n 
consequently a + b : /+» '. ' ^ ' ** 

m 

2. If X in the course of the operation be found to be 
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negative, this indicates, that the point £ is not situated 
in BC, but in AB. In this case, let TF be the line of 
section, and AF = y. Draw BT ; then 
Trapez. ABCD : a ATB :: a -^ b : f 

and, A ATB : a ATF :: c : y; 

consequently, 

Trapez. ABCD : a ATF : : c (a + 6) : fy. 

But, Trapez. ABCD : a ATF :: m : n. 
consequently, c (a + 6) : fy y. m : n. 

nc (a '\' b) 



y = 



fnf 



3. If in 1 dr be found greater than &, this indicates 
that the line of section must fall in CD. Let .*. TG be 
the line of section, and DG = z. Draw CT ; then 
Trapez. ABCD : a CTD :: a •\' b : a — / 

and A cdt : a gtd :: d : % 

consequently, 

Trapez. ABCD : a GTD : : J (a + 6) : (a — /) ar. 
But by hypothesis, Trapez. ABCD : ABCGT : : m : n 
and .-. Trapez. ABCD : v GTD : : m .' m — n. 
We have .-. rf (a -}- 6) : (a — /) « = w : to — n 
and ^^(m-«)(a + 6)d 

• 

Exam. — Let a = 112, 6 = 80, c = 45, rf = 40, 
f = 30. If it is required to cut off the third part from 
the trapezium, assume BE = « = 34, and draw T£. 
If the tenth part is to be cut off, assume AF = y = 28*8, 
and draw TF ; but if ^ths of the trapezium are to be 
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cut off, assume DG s « a 3$ ' 112, or as near as may 
be, and draw TG. 

PROBLEM X. 

To divide a trapezium having two parallel sides, in 
a given proportion, from a given point not in the pa- 
rallel sides. 

SoluU — Let ABCD be the trapezium ; AD, BC, the 
parallel sides, and T the 
point from which the line 
of section is drawn. 

First calculate the tri- 
angles ATD, CTD, BTC, 
with reference to the trape- 
zium ; then from the magnitude of these triangles, and 
from the magnitude of the part to be cut off, we may 
easily judge whether the point £ in the line of section 
TE, faUs in AD, CD, or BC. Let /. AD = a, BC = 
b, TA s e, TB = d, and the area of the trapezium = A. 

1. If we draw the lines AC, BD, then we find, by 
similar methods to those already employed, 

AIT) — ^^ A • 

^ ®'^^ = (a+6)(c + rf)- ^ 

A CTD « Trapez. ABCD — a ATD — a BTC 

"" (a + 6)(c -f ay ^' 

2. If it is required to cut off a given part from the 
trapezium, it is only necessary to divide one of these 
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triangles, from its yertex T, in a given proportioni which 
is effected by dividing its base in this proportion. The 
following example will elucidate this. 

Exam.— Let a = 120, 6 = 98, c = 46, rf = 31 ; 
also A ATD = 0-3288 . A, A BTC = 01810 . A, 
A CTD = 0-4902 . A, If it is required to cut off 
the fourth part of the trapezium, or | A = 0*25 • A, we 
must then divide AD in E, so that AD : A£ = 3288 

: 2500, and then, if we draw TE, TAE is the fourth 
part. If it is required to cut off |-rds of the trapezium, 
or |- A = 0*6666 . A, we must in this case add a A 
DTP = 0-3378 to ATD, and consequently divide DC 
in F in such a manner that DC : DF =: 4902 : 3378 ; 
then ATFD '^^11 be the part required. If we wish to 
cut off the f th part, or f A = 0*8888 • A, we must, be- 
cause A ATD + A DTC =s 0*8190 . A, add a a 
CTG = 0*0698 . A to the quadrilateral ATCD, and 
consequently divide BC in G, so that BC : CG =: 1810 

; 698 ; then ATGCD will be the part required. 

PROBLEM XI. 

From a given point to divide any trapezium in a given 
proportion. 

Soliit.—ljet ABCD be b 
the given trapezium, and 
T the point from which 
the line of division TE 
is so drawn that trapez. ^ 
ABCD : trapez. DCET = m : n. 
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1. Produce the sides BC, AD till they meet in Z. 
Since the trapez. ABCD is given, the lines AZ, BZ, 
CZ, DZ, may also he determined. Let /• AZ = a, 
BZ = 6, DZ = c, CZ = d. Since the point T is also 
given, let ZT s= /. In order now to determine the 
point £, we put Z£ = x. 

2. The rules for the areas of plane triangles. 

A BZA : aCZD :: ah : cd 

.-. A BZA — A CZD : A CZD : : ah — cd: cd 
or trapez. ABCD : A CZD : : a6 — erf : cd 

3. In like manner, A EZT : A CZD : : fx I cd. 

.\ A EZT — A CZD : aCZD :: fx — cd : cd. 

or trapez. DCET : A CZD : : /a: — cd : cd. 

4. From 2 and 3 we ohtain • 

Trapez. ABCD : trapez. DCET : : ah -- cd : fx — cd 
But trapez. ABCD : trapez. DCET : : fit : n 
consequently a6 — erf : /« — erf : : wi : n. 

W J 

Exam Let a = 200, h = 178, e = 112, rf = 120, 

/= 140, and it is required to cut off -Iths of the trape- 
zium. Assume ZE =s 155-]^, and draw TE ; then 
DCET is the part required. 

Miscellaneous Exercises, 

Ex. 1. A triangular field, whose sides are 20, 18, 
and 16 chains, is to have a piece of four acres in content 
fenced off from it, hy a right line drawn from the most 
obtuse angle to the opposite side. Required the length 
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of the dividing line, and its distance from either ex- 
tremity of the line on which it falls ? 

Ex. 2. The three sides of a triangle are 5, 12, and 
13. If two-thirds of this triangle be cut off by a line 
drawn parallel to the longest side, it is required to find 
the length of the dividing line, and the distance of its 
two extremities from those of the longest side. 

Ex. 3. It is required to find the length and position 
of the shortest possible line, which shall divide, into 
two equal parts, a triangle whose sides are 25, 24, and 
7 respectively. 

Ex. 4. The sides of a triangle are 6, 8, and 10 : it 
is required to cut off nine-sixteenths of it, by a line 
that shall pass through the centre of its inscribed 
circle. 

Ex. 5. Two sides of a triangle, which include an 
angle of 70^, are 14 and 17 respectively. It is required 
to divide it into three equal parts, by lines drawn paral- 
lel to its longest side. 

Ex. 6. The base of a triangle is 112*65, the vertical 
angle 57° 57^ and the difference of the sides about 
that angle is 8. It is to be divided into three equal 
parts, by lines drawn from the angles to meet in a 
point within the triangle. The lengths of those lines 
are required. 

Ex. 7. The legs of a right-angled triangle are 28 and 
45. Required the lengths of lines drawn from the 
middle of the hypothenuse, to divide it into four equal 
parts. 
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Ex. 8. The length and breadth of a rectangle are 15 
and 9. It is proposed to cut off one-fifth of it, by a 
line which shall be drawn from a point on the longest 
side at the distance of 4 from a comer. 

Ex. 9. A regular hexagon, each of whose sides is 12, 
is to be divided into four equal parts, by two equal lines; 
both passing through the ceiitre of the figure. What is 
the length of those lines when a minimum ? 

Ex. 10. The three sides of a triangle are 5, 6, and 7. 
How may it be divided into four equal parts, by two 
lines which shall cut each other perpendicularly ? 

The student will find that some of these examples 
will admit of two answers. 

I conclude this Appendix with answers to Euler's 

questions relative to the drde, given in the 22d chapter 

« 

of his Infinitesimal Analysis. 

PROBLEM I. 

To find the arc of a circle which is equal to its cosine. 
Solut. — The arc which is equal to its cosine, radius i, 
is 42° 2(y 47" 14'", the arc itself = 0*7390847. 

PROBLEM II. 

To find the sector of the circle ACB, which is divided 
by the chord AB into two equal parts, so that the tri- 
angle ACB shall be equal to the segment AEB. 

iSb^.— The arc shall be 54° 18' 6" 52'" 44"", its sine 
AF = BF = '8121029, the chord AB s: 1*6242058, 
its cosine CF = -5335143. 
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PROBLEM III. 

To draw in a quadrant ACB a sine Dfi, which shall 
diyide the area into two equal parts. 

5oto.— We shall have the arc AE = 66° 10' 23'' 37'", 
and the arc BE = 23° 49' 36" 23'", the part CD of the 
radius is = *4039718, AD = 0*5960281, and the sine 
DE = 0*914771 1. The same means which will divide 
the quadrant into two equal parts, will divide the whole 
circle into eight equal parts. 

PROBLEM IV. 

Having given the semicircle AEDB, to draw from the 
point A a chord AD which will divide the surface into 
two equal parts. 

SoluU — ^We shall have by the first prob. « = * — 90° 
= 42° 20^47" 14'", s, or ACD = 130° 20^47" 14"', 
the angle BCD = 47° 39' 12" 46'"; the chord AD will 
be = 1*8295422. 

PROBLEM V. 

From a point A of the circumference of a circle, to 
draw two chords AB, AC, which shall divide the area of 
the circle into three equal parts. 

iSoZttf.— The arc AEB = AEC = 149° 16' 27", the 
arc BC = 61° 27' 6", and the chord AB = AC = 
1*9285340. 

PROBLEM VI. 

To cut from the semicircle AEB the arc AE, so that 
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in dropping its sine £D, the arc A£ shall be equal to 
the sum of the right lines, that is AD + D£* 

Solut.— The arc sought is AE = 138° 11' 5S" 0"'; 
and the lines are DE = 0*6665578, and AD = 
1*7454535. If DE were = '6666666 or |, then AD 
+ DE would have been = 1 + |- + ^^, 

PROBLEIC VII. 

To find a sector ACD which shall be equal to the 
half of the triangle formed by the radius AC, the tangent 
AE, and the secant CE. 

Solut.-'The arc AD = 66° 46' 54" 14/", and the 
tangent AB = 2*3311220. 

PROBLEM VIII. 

Having given a quadrant ACB, to find the arc AE 
eqiial to its chord AE prolonged until it meets the 
radius CB continued to F. 

Solut.— The arc * = AE = 84° 53' 38" 51'", the 
arc BE = 5° 6' 21" 9"'. 

Euler obtained these results by the method of trial 
and error, and tables of circular arcs, and logarithmic 
sines and tangents : some of the same are done similarly 
by Hirsch, 

THE END. 
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